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record multiple traits from individuals of known pedigree or genetic relatedness in

Handling Editor: Jeffrey Doser have been proposed for analysing such multivariate trait data. The parameter
space of these mixed models grows quadratically with the number of traits and
environments considered, which increases computational demand and the risk of
overfitting. Existing approaches can also be challenging to implement for datasets
in which different traits were measured in different environments.

2. We developed a latent variable model that incorporates genetic marker data for
estimating heritability and improving predictions of traits. Our approach promotes
model parsimony by estimating environmental associations and genetic variances
for a reduced number of latent traits. The model can accommodate variation in
genetic correlations across environments and can be applied in settings where
only a subset of traits is observed in each environment, maximizing use of the
data. We show that existing model-based ordination methods can be viewed as
simplifications of our approach.

3. In a simulation study, we found that our approach improves sampling efficiency
by an order of magnitude relative to standard multivariate mixed modelling
approaches. Compared with existing ordination methods, our approach also
improved inference for environmental associations and predictive performance.

We applied our model to reconcile partially overlapping datasets collected from
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models.
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1 | INTRODUCTION

Predicting the demographic success of a species involves under-
standing which traits are favoured in unique environments as well as
how heritability differs across environments (Lande, 1979). For dec-
ades, breeders have addressed this question with multi-trait multi-
environment trials, where genetically identical plants are grown in
several environments to perform genomic selection on multiple
traits and improve crop yields (Endelman, 2023; Gill et al., 2021;
Montesinos-Lépez et al., 2016; Sandhu et al., 2022). Related common
garden experiments have been adopted by ecologists to understand
intraspecific trait variation in relation to climate and many other fac-
tors (de Villemereuil et al., 2016; Schwinning et al., 2022). Although
these experiments provide a gold standard for learning about the
effects of environment and genotype on phenotype, it is often in-
feasible to record each trait for every genotype in all environments.
For example, certain traits may be time-consuming or expensive to
record (Li et al., 2023) and, therefore, only observed for a subset of
genotypes and environments. This leads to uneven sample sizes and
differences in the number of observed traits across environments,
which may not be amenable to existing statistical methods (Zipkin
etal., 2021).

A joint analysis of multivariate trait data has many advantages.
Models that accommodate multiple traits can outperform uni-
variate models, particularly for incomplete datasets where some
traits may not have been collected in each environment or were
collected for a reduced number of genotypes (He et al., 2016; Lee
& Van der Werf, 2016; Schulthess et al., 2018). In these contexts,
multi-trait models provide a way to predict unmeasured traits using
the information learned in the observed traits (Montesinos-Lépez
et al., 2016). Multi-trait models use the full dataset, which gener-
ally increases the precision of heritability estimates and other bio-
logically relevant quantities (Montesinos-Lépez et al., 2016; Zipkin
et al., 2021). Combining information from multiple traits improves

Intermountain West.

growth chamber and common garden experiments of Bromus tectorum, an annual
grass invasive to the United States. Fitting mixed models independently to the
data sources resulted in biologically unreasonable estimates of narrow-sense
heritability, and a joint analysis with our latent variable model improved inference.
Drawing from the joint analysis, we present a holistic explanation for the strength

of several clines in Bromus tectorum and discuss their relevance for invasion in the

4. The flexibility, tractability and performance of our approach make it appealing for
joint inference and prediction in experiments of multiple traits. More broadly, we

demonstrate the value of incorporating genetic marker data into latent variable

Bromus tectorum, common garden experiments, heritability, latent variable modelling,
multivariate mixed modelling, reduced rank, trait selection

power to detect genotype-phenotype and environment-pheno-
type associations (Ahlinder et al., 2024; Van der Sluis et al., 2013).
Multi-trait models better characterize joint evolutionary selection
pressures than univariate models (Kruuk, 2004) and can reduce trait
selection bias (Pollak et al., 1984).

Traditional approaches to analysing multi-trait data have fol-
lowed a mixed modelling framework (Henderson, 1975), and various
extensions have been proposed (Ahlinder et al., 2024; Ahlinder &
Sillanpaa, 2013; Bauer et al., 2009; Hallander et al., 2010; Mathew
et al., 2012; Waldmann et al., 2008). Key improvements include ac-
commodating missing data, constraining credible intervals to the
natural support of each parameter, modelling non-linear genetic ef-
fects (e.g. dominance and epistasis), error propagation and reduced
runtime. One persistent drawback of the mixed modelling approach
is that the parameter space grows quadratically with the number
of traits and environments considered (Ahlinder et al., 2024). The
large number of parameters is challenging to accurately estimate
using datasets with many traits but few genotypes (Johnstone &
Titterington, 2009). Estimating the variance components jointly can
also be computationally demanding and is prone to convergence is-
sues (Ahlinder & Sillanpa&, 2013; Misztal, 2008).

Several methods have been proposed to facilitate model
parsimony and computation in the analysis of multivariate data.
Tipping and Bishop (1999) introduced probabilistic principal com-
ponent analysis and motivated it as a special case of factor analysis
(Bartholomew et al., 2011). Geneticists quickly adopted proba-
bilistic principal component analysis for missing data imputation
(Oba et al., 2003). Tipton et al. (2017) used probabilistic principal
component analysis to infer spatio-temporal trends in climate from
sparse historical records. Likewise, various factor analysis mod-
els have been proposed for heritability estimation and genomic
prediction in agronomy (Azevedo et al., 2023) and animal breed-
ing (Meyer, 2007). While the previous modelling frameworks as-
sume a Gaussian likelihood, a wider class of latent variable models
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generalizes the previous approaches for non-normally distributed
multivariate data. In particular, various generalized linear latent
variable modelling frameworks have been proposed in the context
of joint species distribution models (Hui et al., 2015; Ovaskainen
et al., 2017; Popovic et al., 2022; van der Veen et al., 2021, 2023;
Warton et al., 2015).

In this work, we demonstrate the scalability and flexibility of la-
tent variable models for providing joint inference from experiments
with varying trait collections. Our approach involves reconstruct-
ing the observed traits from a lower-dimensional collection of un-
observed traits. The unobserved traits efficiently describe shared
patterns in traits that are often described as life-history strategies.
The unobserved traits correspond to the latent variables and are
connected to the observed traits using a factor analysis framework.
We include covariates and genomic dependence in the mean and
covariance structure of the latent variables to accommodate vari-
ation in traits across environments and genotypes, respectively.
Our approach provides inference for trait-specific environmental
associations and genetic variances but allows us to estimate these
quantities using the lower-dimensional representation of traits,
thereby facilitating model parsimony and computation.

As in spatial latent variable modelling frameworks, the lower-
dimensional representation of traits induces regularization
(Stein, 2014). Regularization increases bias for the trait-specific
environmental associations and genetic variances but decreases
variance. The motivation for regularization is that reductions in
variance will generally outweigh losses in accuracy because of in-
creases in bias (Gelman & Rubin, 1992), but this may not always be
true. In the context of joint species distribution models, Pichler and
Hartig (2021) found that latent variable models resulted in lower
accuracy for species-species associations relative to models fit
using a full-rank species covariance matrix. Regularization is also
frequently used for identifying associations in settings of sparsity
(Bogdan et al., 2011; Carvalho et al., 2010; Tibshirani, 1996). We
consider sparse multi-trait experiments where certain traits may not
have been measured in all environments. Although most existing ap-
proaches to prediction and heritability estimation can handle missing
observations (Ahlinder et al., 2024; Endelman, 2011; Hadfield, 2010;
Isik et al., 2017; Pérez & de Los Campos, 2014), we are unaware of
approaches that provide joint Bayesian inference for contexts in
which the number of traits measured differs by environment. Latent
variable models provide a principled approach for estimating herita-
bility and environmental associations in this context.

We highlight the flexibility of our approach in a data reconciliation
analysis (Hanks et al., 2011) of a multi-trait experiment for Bromus
tectorum (cheatgrass). Bromus tectorum is an annual grass native to
Eurasia and northern Africa. Today, B. tectorum is globally distributed
as a result of several invasions. In the Intermountain West of the
United States, the invasion of B. tectorum has degraded local ecosys-
tems (Germino et al., 2016). Bromus tectorum produces highly flam-
mable litter that increases wildfire occurrence, which can reinforce

its selective advantage over native species and promote landscape
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dominance (Balch et al., 2013; Brooks et al., 2004). Invasion in the
Intermountain West has also been bolstered by multiple introduc-
tions of B. tectorum (Mack, 1981) that have increased genetic diversity
(Gamba et al., 2025). As a result, there is large phenotypic variation
in traits such as flowering time that have contributed to the success
of B. tectorum in a wide range of environments (Howell et al., 2020;
Hufft & Zelikova, 2016; Vahsen et al., 2025). An analytical challenge
to predicting the geographical spread and evolution of B. tectorum
under climate change is identifying the traits and life-history strate-
gies that contribute to B. tectorum success in different environments
and estimating the heritability and genetic correlations of these traits.
We used our approach to facilitate joint inference from physiological,

growth chamber, and common garden experiments of B. tectorum.

2 | METHODS

2.1 | Review of the mixed modelling approach
Multi-trait data are generally analysed using a mixed modelling ap-
proach. Suppose that we measured a trait for a collection of individu-

als comprising G genotypes. We could specify a mixed model as

Yig ~ [Ygl ﬂgv¢]7 1

g ~ N (63,02), (2)

where we use the bracket notation to represent probability dis-
tributions (Gelfand & Smith, 1990) in Equation (1), y;; denotes the
observed trait for replicate i=1, ...,n, (i.e. individual plant) of
genotype g =1, ...,G, ¢ is a vector of additional parameters be-
sides the mean y, in the likelihood, 6, is a genotype random ef-
fect, and we have assumed the traits have been centred to have
mean zero. For brevity, we use the notation ‘~’ to define conditional
distributions instead of explicitly writing g | 05,02 ~ N'(0,,62)
as in Equation (2), for example. In multi-trait experiments
(Endelman, 2023; Gill et al., 2021), individual level variation is often
ignored (i.e. ug =y;, = Z;n; 2—:) but for completeness, we retain the
more general setup. The random effects are specified as

0 ~ N (0,0%K), 3)
where 6= (6, ... ,BG)’, K describes the pedigree or kinship of the
G genotypes, and ¢? is the additive genetic variance. The variance,
¢2, does not include effects related to gene interactions (epista-
sis) and dominance (Hill et al., 2008), and is an underestimate of
the total genetic contribution to phenotype. The matrix K enters
the model as data and is either known from the pedigree of the G
genotypes or calculated from genetic marker data. Incorporating
the proportional random effect structure within a mixed model-
ling approach has been referred to as the ‘animal model’ (Lynch
et al.,, 1998) because of its popularity in the animal breeding
literature.
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The narrow-sense heritability (Wilson et al., 2010) of the trait is

h? = ¢ .
C2+02

(4)

Equation (4) describes the proportion of total phenotypic vari-
ation in the trait that can be explained by additive genetic vari-
ance. An implicit assumption is that many small-effect mutations
contribute to trait variation. If a trait is influenced by a few large-
effect loci, additive or not, heritability estimates will be unreliable
because closely related individuals can still have vastly different
phenotypes.

Extensions of the mixed model accommodate multiple traits and
environments (Endelman, 2023; Gill et al., 2021; Montesinos-Lépez
et al., 2016; Sandhu et al., 2022). For example, suppose Hgte denotes
the trait mean for genotype g of traitt=1, ..., T in environment
e=1, ... ,E. Amultivariate mixed model for these trait means could
be specified as

Hgte ~ N(X'eﬂt + Gg’t’e,age), (5)

where x, is a p-dimensional vector of covariates measured in environ-

ment e, B, are trait specific covariate associations, 6, . is the genomic

gte
random effect, and afe accounts for residual variation. Furthermore, let
O denote an array with G rows, T columns, and E slices containing the

random effects. A generic model for the random effects is as follows

vec(®) ~ N (0,K ® X), (6)

where vec(®) denotes the vectorization of ®, ® is the Kronecker prod-
uct,and X is a square matrix with T x E columns, which may be diagonal,
block-diagonal, dense, etc., depending on the application.

We specified ¥ as block-diagonal matrix of the form
T = block-diag{Z,
[

s
tween traits in environment e was modelled as

,ZE}, such that the genomic random effects,

te Were independent across environments. The covariance be-

X, =ZRZ, (7)

where R is a correlation matrix and Z, = diag{¢4,, ... , {7, } is a diag-

onal matrix of standard deviations. The implied heritability of trait t in
2

environment e from Equation (7) is given by -

(2, +02,

Although the mixed model has been cetvntr;I to estimating heri-
tability and genomic prediction for countless traits and wild popu-
lations, the approach has several limitations. Practical applications
of the mixed model often need to account for multiple sources of
variability that require additional random effects that can cause con-
vergence and parameter identifiability issues (Ahlinder et al., 2024).
Even for the relatively simple covariance structure specified in
Equation (7), the number of parameters in the multivariate mixed
model grows quadratically with the number of traits and trait-by-
environment combinations. Extending the mixed model for joint
analysis of multiple data types where the number of traits and gen-
otypes vary by environment is also challenging. In the following sec-
tion, we describe a latent variable modelling approach that addresses
the aforementioned limitations.

2.2 | The latent variable modelling approach

We developed a latent variable model for the multivariate analysis
of correlated traits. As before, g, denotes the mean of genotype g
for trait t in environment e. We proposed modelling the trait means
using the linear model

Hg.e ™ N(Wagﬁe,diag{oie, ,o‘%e }), (8)

where we use the notation ‘’ to denote all elements along a dimen-
sion, W is a factor matrix of dimension T x g, and q is the number of
latent variables. We modelled the joint distribution of genotype values,

! .
o= (ay)pr ..., a)) - for latent variable | = 1, ... ,qas

Ao~ J\/’({Xén,}l, {feK), )

where 1is a G-length vector of ones and K is the kinship matrix, as be-
fore. In the joint distribution, Equation (%), we accommodated collective
differences in all genotypes across environments in the mean structure
and variation across genotypes in the covariance matrix. Our model
restricts the covariance among the latent variables to be proportional
to kinship, but modelling frameworks that relax this assumption have
been proposed (van der Veen & O'Hara, 2024).

The connection between our approach and the multivariate
mixed model can be seen by marginalizing over the latent variables.
The resulting joint distribution for the vector of genotype means of

trait t in environment e was

q q
Hoe ™ N(x;{ Z wty,n,}l, o2 ]+ { 2 gfewf,}K>,
I=1 I=1

where w;, denotes the value from the tth row and Ith column of W and

(10)

I denotes a G x G identity matrix. From Equation (10), the implied asso-
ciation between trait t and environmental covariates, x,, is

q
Bi= Y, wym (11)
=1

The regression coefficients, B, in (11) are analogous to those in
Equation (5), but the latent variable models provides a more parsimoni-
ous estimator of the quantity (van der Veen et al., 2021, 2023) similar
to reduced rank regression (Davies & Tso, 1982). Similarly, the implied
tZJ. We can estimate the ge-

netic covariance between traits t and t* in environment e (i.e. the off-

additive genetic variation in p ;. is 27:1 Cfew

diagonal elements of the trait genetic covariance matrix: Lande, 1979)
with 37, CfeWqu' We quantified the narrow-sense heritability of
trait t in environment e as the derived quantity

e #2 4,2
e T w
I=1>le ")
= o (12)

de #2 2 2"
121 S1eWe T Ote

Our estimates of hfa are conditional on g, in that we are estimating heri-
tability in environment e controlling for environmental variation that we
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can describe based on the covariates, x,. All other sources of variation
including dominance and epistatic genetic effects, phenotypic plasticity,

and environmental factors that were not included in x, are captured in

2
te

distinct from individual level variation (i.e. Var(y;g . )

the variance term, o7 , which we refer to as the error variance, and is

The latent variable model, as described in Equation (10), is overpa-
rameterized and requires additional constraints for the quantities to
be individually identifiable (Huber et al., 2004). In particular, the fac-
tor matrix, W, suffers from sign, permutation and rotation invariance
(Papastamoulis & Ntzoufras, 2022). As a result, the coefficients 5,
and gfe are also not identifiable. Geweke and Zhou (1996) proposed a
lower triangular constraint on W that addresses the aforementioned
issues, but this approach induces order dependence in the traits
(Bhattacharya & Dunson, 2011) and complicates prior specification
for hﬁe in our modelling framework. We adopted the approach pro-
posed by Papastamoulis and Ntzoufras (2022), which involves fitting
the overspecified model and correcting the invariance of the MCMC
sample using a post-processing scheme. Post-processing is only re-
quired to standardize inference for W, n;, and Cfe. No post-processing
is required for the lower rank estimators of regression coefficients
(11) and heritability (12). A full description of these issues and their
resolution is provided in the Supporting Information, along with ad-
ditional details regarding prior distributions. In short, our prior speci-
fications were motivated by inducing an approximately uniform prior
distribution on heritability regardless of the number of selected la-
tent variables. We also implemented a hierarchical prior for the error
variances to account for repeated measurements of the same trait
across environments.

Our proposed latent variable modelling approach estimates ge-
netic variances and environmental associations for g unobserved
traits and uses the factor matrix to infer the implied environmen-
tal associations and genetic variances for the observed traits. The
advantage of this approach is that, if traits are correlated, we can
choose g < T to achieve a lower-dimensional representation of traits
and more parsimonious model. For example, instead of estimating
environmental associations for all T traits, we need only estimate
the associations for g latent traits, simplifying posterior computa-
tion. With regard to parameter estimation and posterior predictions,
choosing g < T latent variables may increase posterior mean bias but
decreases posterior variances. Generally in parsimonious models, the
reductions in variance outweigh losses in performance because of
increases in bias (Gelman & Rubin, 1992).

The multivariate mixed model, Equation (5), has G x T x E latent
parameters because of the random effects, 8, . in Equation (6), spec-
ified for the mean of each trait. In contrast, our proposed model has
G x q x E latent parameters, which can be a substantial reduction for
g < < T. Likewise, given the block-diagonal structure specified in
Equation (7), the multivariate mixed model has (T2 - T) / 2 free pa-
rameters in the correlation matrix R and T x E genetic variances, §t2’e.
In our latent variable model, correlation in trait means is modelled as
a function of W, which is of dimension T x g, and genetic variances are
a function of g x E latent variance terms (i.e. cjfe). Furthermore, note
that given the typical identifiability constraints, there are effectively
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Tqa— (g% +4q) /2 free parameters in W (Robinson, 1973). In either
case, for fixed g, the number of parameters in our models grows lin-
early with T and E whereas, in the multivariate mixed model, the num-
ber grows quadraticallyinTand T x E.

Similar reduced rank approaches for multivariate data have
been proposed in the context of joint species distribution modelling
(Warton et al., 2015). Pollock et al. (2014) proposed the following
generalized linear mixed model for understanding co-occurrence

patterns in species:

Vie ~ [Viel e ], (13)
Hie ~ N (X.B;,Z), (14)
where j=1, ...,Jand e=1, ... ,E index species and environments,

respectively, f; are species specific regression coefficients, and X is
a dense J x J species covariance matrix. Like the multivariate mixed
model for multi-trait data, the parameters of the proposed joint species
distribution model grows quadratically in the number of species consid-
ered. To facilitate parsimony, Warton et al. (2015) proposed modelling
species correlations using model-based unconstrained ordination (Hui
etal., 2015),

Hje =X, B; + W,{,.a.,e' (15)
,aqye)' is a g-dimensional vector of standard nor-

where a , = (aq,, ...

mal random variables, w; = (w;l, Wi )' is the j row of the factor

i ia
matrix, and their combination, W]{Aa,ye, effectively replaces X in (14). A
related approach, known as constrained ordination (Yee, 2004), re-

duces the dimension of the regression coefficients

a
Hje = Z w; X, B (16)
=1

Concurrent ordination, as proposed by van der Veen et al. (2023), com-

bines the previous two models,

q

Hie= 2, Wi (X,B +ap)- (17)
I=1

If we suppress knowledge of genotype, our proposed latent
variable model is similar to concurrent and hierarchical ordination
(O'Hara & Van Der Veen, 2024) where we treat traits as species.
Given the connections of our proposed model to existing ordination
methods, we refer to our approach as ‘kinship ordination’.

Figure 1 provides an illustration of our approach in the context of
a common garden experiment. Multiple traits of genetically identical
plants are collected across several environments. We use our latent
variable model to decompose the multivariate trait data into latent
traits, which could represent life-history strategies. For example, the
first latent trait/variable might capture a continuum of slow to fast
life-history strategies. Genotypes collected from hotter environ-
ments may grow more rapidly, flower earlier in the year, and generally
have fewer tillers, whereas ‘cooler’ genotypes have a slower growth
rate, delayed flowering, and produce more tillers. Position along the
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FIGURE 1 |lllustration of kinship ordination model in context of B. tectorum multi-trait experiment. Left panel depicts common garden
experiment and is adapted from Vahsen et al. (2025). Seeds from genotypes collected throughout the western United States were planted
within plots of varying treatments (low versus high density crossed with low vs. high temperature, implemented with white and black gravel,
respectively) at four sites in ldaho and Wyoming: Sheep Station, ID (44.2456, -112.2144); Baltzor, ID (43.2085, -116.9952); Wildcat, ID
(43.4744, -116.9018); and Cheyenne, WY (41.2121, -104.8525). Traits including flowering time, specific leaf area, and seed mass were
recorded for multiple genotypes. Traits were connected to lower-dimensional latent traits/variables through a factor matrix W. Variation in
latent variables across genotypes and environments was modelled as a function of current environment, X, and kinship, K. We use dashed

and solid lines to denote observed and inferred quantities, respectively.

continuum is modelled as a function of current environment and
genotype.

2.3 | Implementation

Software is available for fitting generalized linear latent variable mod-
els (Brooks et al., 2026; Clark & Wells, 2023; Korhonen et al., 2025;
McGillycuddy et al., 2025; Niku et al, 2019, 2025; Tikhonov
et al., 2020). None of this software can accommodate proportional
covariance structures (i.e. the kinship matrix) in the distribution of the
latent variables. Proportional covariance structures can be specified
for phylogenetic random effects using R packages Hmsc and gl1lvm,

but this is different from our specification in Equation (9). There is also
software available for efficiently fitting multivariate mixed models with
proportional covariance structures (Covarrubias-Pazaran, 2018).

We implemented the multivariate mixed model (MMM) and un-
constrained (UO), constrained (CO), concurrent (CCO) and kinship
ordination (KO) models using the probabilistic programming language
Stan (Carpenter et al., 2017) within the statistical computing envi-
ronment R (R Core Team, 2024). To improve sampling efficiency in
the unconstrained, concurrent, and kinship ordination models (Stan
Development Team, 2024), we marginalized over the latent vari-
ables in Equations (9), (15) and (17), respectively. In the Supporting
Information, we describe how to draw samples of the latent variables
from their full-conditional distributions in parallel using the posterior
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sample of other parameters obtained with Hamiltonian Monte Carlo
(HMC). While a subset of the described models can be fit more effi-
ciently with the previously mentioned software, using a single proba-
bilistic programming platform facilitates computational comparison by
removing confounding factors such as the language or algorithms used
to implement each model (Wilkinson et al., 2019). This also ensures
a Bayesian implementation of each model, which simplifies assessing
predictive performance and parameter estimation across models. As
much as possible, we have also tried to use similar prior specifications
such that differences in performance were a function of model struc-
ture alone. In both the simulation study and data reconciliation anal-
ysis, Sections 3 and 4 respectively, we ran the HMC algorithms for
1200 iterations with the first 200 iterations discarded as burn-in. The
potential scale reduction factor (Gelman & Rubin, 1992) was less than
1.1 for all inferential quantities of interest indicating convergence. One
subjective aspect of implementing latent variable models is choosing
the number of latent variables. This decision may vary with objective
(Tredennick et al., 2021). For example, with regard to data exploration,
g = 2 latent variables is convenient for visualization. In our case, we
sought to approximate the multivariate mixed model while reducing
computational burden. This equates to picking a g that meaningfully
reduces the parameter space while still explaining a large proportion
of the total trait variation. We used scree plots (Cattell, 1966) based
on a standard principal components analysis of the raw trait data to
select g. This approach is not directly applicable to experiments where
the traits recorded in each environment varies because the full trait
covariance matrix cannot be calculated. We used a combination of
environment specific scree plots and prior knowledge to selectgin the
B. tectorum analysis (Section 4).

3 | SIMULATION STUDY

We performed a simulation study to validate our KO approach and
compare it with standard multivariate mixed and latent variable mod-
elling approaches. The motivation of our study was to quantify dif-
ferences in performance between approaches when the MMM is
assumed to be the ‘true’ model. In particular, we sought to under-
stand the potential drawbacks of applying our KO and other ordina-
tion approaches in contexts where fitting the MMM is not feasible
either because of overparameterization or computational burden.
In practice, the true model is not known, and latent variable mod-
els have been shown to outperform MMM for various real datasets
(Azevedo et al., 2023).

We quantified differences in sampling efficiency (Efficiency)
(Geyer, 1992), the calibrated Bayesian coverage (Coverage) propor-
tion (Little, 2006), the bias (Bias) of posterior means, and the posterior
standard deviations (Variability). Sampling efficiency captures differ-
ences in computational burden because of both run time and mixing,
which can vary because of model structure. Bias and variability quan-
tify parameter accuracy and precision, respectively. The coverage
proportion is useful for understanding decreases in uncertainty that
are helpful (i.e. posterior distributions more concentrated around the
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truth) versus those that are problematic (i.e. over-confident predic-
tions or overly narrow credible intervals).

The aforementioned performance metrics pertain to parameter
estimation and predictive performance, but note that the ordination
methods described in Section 2.2 are primarily applied in ecology for
data exploration and visualization (Hui et al., 2015). Nonetheless, ex-
isting ordination approaches provide a helpful baseline for quantifying
the advantages of including genomic structure within the latent vari-
ables. Furthermore, even parameter estimation and prediction can be
thought of as competing objectives (Tredennick et al., 2021). In the
context of evolutionary biology and animal breeding, heritability es-
timation and genomic prediction coincide (Ahlinder & Sillanpaa, 2013;
Hill et al., 2008; Sillanp33, 2011). The simulation study quantified the
ability of our KO approach to achieve similar parameter estimates and
predictive performance to the MMM with fewer parameters, but note
that overparameterization, when paired with regularization, can im-
prove prediction (Hooten & Hobbs, 2015).

We simulated datasets from the MMM described in Equation (5)
and, for simplicity, assumed a normal model (i.e., Yate = Mg,t,e)- To
induce strong correlations between traits, we set the off-diagonal
elements of R to 0.9. Across simulations, we varied the total num-
ber of genotypes, traits, and environments. The vector x; included
an intercept and one continuous covariate. Parameter values were
simulated using

B ~ N(O,), (18)
o2, ~ Gamma(1, 1), (19)
CEB ~ Gamma(1l, 1), (20)

to induce a Uniform(0, 1) distribution on heritability. Biologically realis-
tic kinship matrices, K, were generated for each dataset by subsampling
a random G genotypes from a broader sample of 284 experimental
mouse crosses provided in the gt 12 package (Broman et al., 2019).

We fit all five models to 150 simulated datasets. For the ordination
methods, we modelled q latent variables, where g was the number of
components needed to explain at least 90% of the total trait variation
based on a principal components analysis of the simulated trait data.
This was between 3-5 and 6-8 principal components for datasets
simulated with T =5 and T = 10 traits, respectively. Prior specifica-
tions for g, af’e and Cfe were the same for all models and are provided
in the Supporting Information. For the trait correlation matrix R in
the MMM, we specified a LKJ prior (Lewandowski et al., 2009) with
a shape parameter of 2.

Figure 2 summarizes the performance of the MMM and KO ap-
proaches with regard to heritability estimation for a variety of sim-
ulated datasets. Our KO approach increased sampling efficiency by
up to an order of magnitude relative to the MMM. Gains in sampling
efficiency scaled more slowly with the number of environments
than for genotypes and traits. The MMM obtained the targeted
nominal coverage rate of 90% for datasets simulated with relatively
more genotypes and environments (i.e. G=50 and E = 10), and
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FIGURE 2 Metrics for heritability estimation using multivariate mixed modelling and kinship ordination approaches. Row strip labels
indicate the metric assessed, and column strip labels indicate the dimensions of the simulated datasets. Unless indicated otherwise

(i.e., G = 50), data were simulated for G = 25 genotypes, T = 5 traits, and E = 5 environments. Efficiency is the logarithm, base 10, of

the effective sampling rate (Geyer, 1992) in seconds. Coverage is the proportion of credible intervals that included the true simulated
heritability. Bias is the absolute difference between the true heritability and posterior mean. Variability is the posterior standard deviation.

coverage wasslightly lower forthe KO approach. The KO approachalso
resulted in slightly higher bias and variability. For datasets with a
greater number of traits (i.e. T = 10), both approaches resulted in
lower coverage and greater bias and differences between approaches
were less stark.

Figure 3 summarizes the performance of the MMM and selected
ordination approaches for estimation of covariate associations, g, in
Equation (11). The ordination approaches increased sampling effi-
ciency for g; by at least an order of magnitude relative to the MMM
approach, and constrained ordination was nearly 100 times more
efficient. All models resulted in similar levels of bias. The ordination
methods that did not account for kinship (i.e. concurrent and con-
strained) resulted in overly narrow credible intervals and poor cov-
erage. Note that these approaches treat genotypes independently,
which resulted in overly confident inference on ;. Our KO approach
resulted in similar variability and coverage for datasets with a greater

number of traits and environments, but slightly lower coverage than
the MMM for datasets with more genotypes.

To quantify differences in out-of-sample predictive performance,
we withheld 10% of randomly selected genotype-environment pairs
from model fitting in each of the 150 simulated datasets. The or-
dination methods also improved sampling efficiency for posterior
predictive distributions (Figure 4). Sampling efficiency was an order
of magnitude faster for the kinship and concurrent ordination ap-
proaches relative to the MMM and even greater for constrained
and unconstrained ordination. Models resulted in similar coverage
for each dataset. In terms of predictive accuracy, the unconstrained
ordination model provides a benchmark (i.e. the ‘null’ model) for
quantifying the relative gains in performance related to accounting
for environmental associations and kinship. Including covariates,
as in the concurrent and constrained ordination models, decreased
bias and variability by approximately 20%, whereas around a 40%
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FIGURE 3 Metrics for estimation of trait specific covariate associations, g;, using multivariate mixed modelling and ordination
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base 10, of the effective sampling rate (Geyer, 1992) in seconds. Coverage is the proportion of credible intervals that included the true
simulated effect. Bias is the absolute difference between the true effect and posterior mean. Variability is the posterior standard deviation.

reduction was achieved by leveraging covariates and kinship as in
the MMM and KO models. Overall, greater model complexity in the
MMM was not associated with superior predictive performance rel-

ative to our KO approach.

4 | BROMUS TECTORUM DATA
RECONCILIATION ANALYSIS

We collected seeds from over 200 B. tectorum individuals located in
North America and Europe. Bulked seeds (i.e. grown for a generation
in a common environment to reduce maternal effects on traits) from
a subset of less than 100 individuals collected in the western United
States were planted in four common gardens in Idaho and Wyoming
(see Vahsen et al., 2025, for details). Permission for field studies was
granted by the Idaho Department of Lands and the United States
Department of Agriculture Agricultural Research Service. We planted
seeds from each genotype in two densities under two different
temperature treatments in a factorial design. Soil surface tempera-
ture was manipulated using black (high temperature) and white (low

temperature) gravel and differed by 21°C on average between treat-
ments (Maxwell et al., 2023). An illustration of the common garden
experiment is provided in the left panel of Figure 1. At two sites, less
than 20 genotypes were further analysed for physiological and mor-
phological traits related to freezing tolerance and specific leaf area.
We also planted seeds from the full collection of 200+ genotypes in
a growth chamber environment. A total of 14 traits were recorded
across all three experiments. The resulting dataset was sparse. Some
traits were recorded in 17 environments and for nearly 100 geno-
types while other traits were only recorded in two environments and
for less than 20 genotypes. A full description of the experiments and
traits collected is provided in the Supporting Information.

Following previous of multi-trait experiments
(Endelman, 2023; Gill et al., 2021), we summarized individual-level

analyses

trait data by calculating the mean trait value across replicates,
Hgte = Yigte treating the (possibly transformed) trait means as nor-
mally distributed. While estimates from linear mixed models have
been shown to be robust to moderate deviations from normality
(Schielzeth et al., 2020), these results do not directly translate to
trait means calculated from count or binary data, particularly when
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effective sampling rate (Geyer, 1992) in seconds. Coverage is the proportion of credible intervals that included the true trait value. Bias
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predictive distribution.

the number of replicates is small or when variance depends on the
mean. lves (2015) showed that linear models applied to transformed
count data can, in some settings, exhibit lower type | error rates
for environmental associations than Poisson and negative-binomial
generalized linear models, but this advantage should be carefully
weighed against several well-documented drawbacks (O'Hara &
Kotze, 2010; Warton et al., 2016). In particular, we caution against
normal models for highly variable traits or for trait means near the
boundary of their natural support (e.g. survival probabilities near O
or 1), where normal approximations may introduce substantial bias.
In contexts where this is a concern, generalized linear latent vari-
able models (Niku et al., 2019; Warton et al., 2015) or copula models
(Popovic et al., 2022), if marginal distributions differ by trait, pro-
vide principled alternatives. For our analysis, all trait means were at
least two standard errors away from their natural boundary, sup-
porting the use of a normal approximation.

We fit the same models used in the simulation study,
Section 3, to the B. tectorum trait means. The MMM, as specified
in Equation (5), suffered from overparameterization for the B.
tectorum multi-trait dataset. In particular, not all genetic variance
parameters, (ﬁe, are identifiable because not all traits were mea-
sured in each environment. We obtained posterior inference by

fitting independent MMMs to the subset of traits recorded in each
experiment.

The covariates, x,, included unique intercepts for the growth
chamber and four common garden treatments as well as two continu-
ous covariates derived from a principal component analysis of 19 bio-
climatic variables measured at the four common garden sites and seed
source locations in the Intermountain West (Vahsen et al., 2025). The
bioclimatic variables were derived from CHELSA 30-year (1981-2010)
climate average data at =1 km resolution (Karger et al., 2017). The first
principal component explained 37% of the total variation and depicts
a continuum from cool and wet climates to hot and dry climates in
seed source and experimental climates. The second principal compo-
nent explained 24% of the total variation and depicts a continuum in
environments from low to high temperature seasonality. An identity-
by-state (IBS) kinship matrix, K, was estimated for 215 genotypes
using a dataset of 15, 101, 725 SNPs and the function snpgdsIBS in
the R package SNPRelate (Zheng et al., 2012).

We choose g = 4 latent variables based on a combination of ex-
ploratory data analyses and prior knowledge. For the majority of en-
vironments, 90% of the total variation could be explained by four
components based on a traditional principal component analysis
applied to the raw trait data. Previous studies have suggested that
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flowering time and seed mass are linked in B. tectorum with geno-
types from desert environments having earlier phenology and pro-
ducing larger seeds (Leger et al., 2009; Rice et al., 1992). Biomass and
the number of seeds produced are similar measures of reproductive
success. This leaves two free latent variables for explaining variation
in the number of tillers and survival to reproduction, both of which
are likely already partially represented in the first two latent vari-
ables. We assumed that variation in the remaining eight traits col-
lected in a subset of environments could be accurately depicted with
these same q = 4 latent variables.

Inference for heritability differed between approaches because
of model structure and data utilization. The most direct comparison
between methods is provided by comparing results for the growth
chamber because the data from the common garden and physiology
experiments only contributed to posterior inference through the hi-
erarchical error variances associated with traits recorded in both
experiments and the loading matrix W. Hence, in the growth cham-
ber, differences in inference were primarily a function of model
structure. Point estimates of the MMM and posterior means of our
KO approach were very similar for growth chamber traits with a
Pearson correlation of r = 0.89 (Figure 5). The MMM resulted in a
greater heritability and less uncertainty for total biomass (Biomass),
survival to reproduction (Survival), total plant height (Height) and
spring growth (Growth) than our KO approach. Credible intervals
overlapped for all traits except Height and Growth.

For the six traits collected in each common garden environment
(i.e. FT, Seed(n), Seed(m), Biomass, Tiller(n) and Survival), the posterior
means of the MMM and our KO approach were moderately correlated
(r = 0.69 on average across environments), but there were consider-
able differences in their 90% credible intervals. The credible inter-
vals of the MMM were generally more narrow than the intervals of
our KO approach, particular for production related traits (i.e. Seed(n),
Biomass, Tiller(n)). The models provided similar mean estimates of
heritability for flowering time (FT), per capita seed mass (Seed(m)) and
survival to reproduction (Survival). With the exception of all treat-
ments at Baltzor and the low density, low temperature (white gravel)
treatment at Cheyenne, the heritability estimates of the MMM were
near 1 for production-related traits and generally had little uncer-
tainty. The heritability estimates of our KO approach were generally
lower and had greater uncertainty. The posterior mean estimates of
heritability inferred with our KO approach were also more variable
across environments. Both methods suggested high narrow-sense
heritability of flowering time (FT) in most environments, which has
been observed in other species (Andrés & Coupland, 2012).

Discrepancies in the datasets used to fit each model were great-
est for traits recorded in the physiology study (Phenological, Freeze,
Fv/Fm, SLA). The MMM was fit to fewer than 20 genotypes for these
four specific traits, whereas our KO approach used data from all
three experiments. In addition, we could not include the same en-
vironmental covariates in the MMM because the physiology study
traits were only recorded in two environments. The MMM resulted
in dispersed posterior distributions that were similar to the prior
distributions specified for heritability. Posterior distributions for
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heritability inferred with our KO approach were also dispersed but
had less uncertainty than the MMM approach. In addition, their pos-
terior means were greater at Wildcat than at Baltzor, which matched
collective trends in heritability for the other six traits.

For some analyses, it may be more appropriate to classify traits
related to reproductive success as outcomes. For example, in evolu-
tionary biology, fitness outcomes are regressed against the remain-
ing traits to understand selective pressures (Lande & Arnold, 1983).
Selection coefficient estimates that exclude zero from these multiple
regressions provide evidence that a trait is under selection. We used
this approach to understand trait selection in invasive populations of
B. tectorum in the Intermountain West. We calculated the logarithmic
fitness of the 93 genotypes used in the common garden experiment
as the natural logarithm of probability of reproduction plus the nat-
ural logarithm of the number of seeds produced. For each MCMC
iteration, we calculated the ordinary least squares estimate for flow-
ering time, seed mass, and tiller number as well as for seven additional
traits recorded in the physiology and growth chamber experiments.
We excluded total plant biomass from the set of predictors because
biomass and seed number are tightly correlated (>0.9). For similar
reasons, we also excluded the height of the largest inflorescence
(Inflorescence(h)). The posterior mean and 90% credible intervals of
selection coefficients are given in Figure 6.

Late flowering was generally associated with greater fitness at
cool and wet sites (i.e. Sheep Station and Cheyenne), whereas early
flowering led to greater fitness at dry and/or hot sites (i.e. Baltzor
and Wildcat). Early flowering was also associated with higher fit-
ness in the growth chamber, the hottest environment on average.
Genotypes that produced larger seeds generally had lower fitness,
although larger seeds were associated with greater reproductive
success in the low-density treatments of Sheep Station. Evidence
of selection for tiller number was strong and more tillers was con-
sistently associated with higher fitness. Greater decreases in Fv/Fm,
the efficiency of Photosystem Il, post-freezing (a measure of freezing
intolerance) were associated with lower fitness at Baltzor, the coldest
environment on average. We assessed the predictive performance of
our KO model relative to existing ordination/latent variable models
in a cross-validation study. We partitioned the data from each exper-
iment into 10 random folds. Each fold retained 90% observations for
model fitting and 10% for out-of-sample prediction. We excluded the
MMM from the cross-validation study because of severe computa-
tional burden (runtime =2 days for a single fold).

All ordination methods were slightly conservative with coverage
near 1 for each trait (Figure 7). As in the simulation study, the uncon-
strained ordination model serves as a baseline for quantifying gains
in predictive performance associated with accounting for environ-
mental associations and kinship. For traits recorded in the common
garden and physiology experiments (i.e. FT to SLA), accounting for
environmental associations generally decreased bias and variability
in the posterior predictive distributions. One exception was for the
trait Phenological, for which all models resulted in poor predictive
performance. Unsurprisingly, environmental associations did not im-

prove prediction for Height, Growth, Leaves(n) and Inflorescence(h)
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FIGURE 5 Heritability of 14 traits measured across 17 environments. Posterior means along with 90 % credible intervals displayed

for multivariate mixed modelling and kinship ordination approaches. Trait descriptions are provided in the Supporting Information. Sites
are ordered from top to bottom from least to most hot and dry based on principal components analysis for various bioclimatic variables.
‘Low’ and ‘High’ abbreviate low density and high density intraspecific competition treatments (Figure 1), respectively. ‘White’ and ‘Black’
abbreviate low (white gravel) and high (black gravel) temperature treatments, respectively.

because these traits were only recorded in the growth chamber.
Accounting for kinship, as in our KO model, decreased bias and
variability for most traits but not those recorded in the physiology
study (i.e. Survival, Freeze, Fv/Fm, SLA). Note the estimated heri-
tability of these traits was low (Figure 5), so that variation in trait

values did not correlate with kinship. In contrast, accounting for
kinship substantially improved prediction for FT, Survival, Leaves(n),
and Inflorescence(h), which had some of the highest heritability es-
timates (Figure 5). Accounting for kinship also increased computa-
tional burden.
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5 | DISCUSSION

Latent variable models have become a popular approach for parsi-
moniously incorporating correlation in high-dimensional data (Doser
et al., 2025; Hui et al., 2015; Stein, 2014; van der Veen et al., 2023;
Warton et al., 2015; Wright et al., 2025; Yee, 2004). Model parsimony
has implications for computation, prediction, and inference. Fewer
parameters reduces computing time (McGillycuddy et al., 2025) and
the potential for convergence issues, which are frequently encoun-
tered when fitting mixed models (Ahlinder et al., 2024; Ahlinder &
Sillanpaa, 2013). Parsimony can facilitate prediction through regu-
larization (Hooten & Hobbs, 2015; Stein, 2014). Regularization also
induces parameter bias but reduces variance, which may be a helpful
trade-off, especially when analysing sparse datasets. We have pro-
posed application of latent variable models to sparse, multi-trait data
to jointly estimate heritability and environmental associations in ex-
periments where not all traits are measured in each environment. In
this context, standard multivariate mixed model are not directly ap-
plicable and must be fit to subsets of the data independently. More
generally, we have proposed modelling the latent variables using a
proportional covariance structure, which can improve prediction and
parameter estimation when trait variation is well approximated by
the kinship matrix.

In the simulation study, we assessed the validity of using our
KO approach to facilitate posterior inference and prediction from

complete datasets (i.e. all traits measured in each environment) sim-
ulated from a multivariate mixed model. We found that our KO ap-
proach provided similar performance to the MMM used to simulate
the data but reduced computational burden by an order of magni-
tude. The drawbacks of applying our KO approach were relatively
mild and included slightly lower coverage and elevated bias for her-
itability and environmental associations relative to the MMM. The
two approaches resulted in identical predictive performance.

More broadly, we quantified the advantages of incorporating
genomic information into commonly applied ordination and latent
variable models in ecology. In addition to facilitating posterior in-
ference for heritability, accounting for genomic structure in the
covariance of latent variables also improved coverage for covari-
ate associations, . We found that ignoring kinship in ordination
methods resulted in overly narrow posterior distributions for g.
Treating genotypes independently leads to overconfidence, a con-
sequence analogous to ignoring spatial dependence when estimat-
ing B in spatial generalized linear mixed models (Hanks et al., 2015;
Khan & Calder, 2022; Zimmerman & Ver Hoef, 2022). Incorporating
kinship within latent variable models can also improve prediction,
especially for traits with high heritability, as we found in the cross-
validation analysis.

Unlike standard mixed models, our KO approach can be used to
obtain joint inference when the collection of traits recorded differs
by environment. In the data reconciliation analysis of B. tectorum,
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analysing the full dataset increased the precision of heritability esti-
mates for physiological traits that were recorded for a reduced num-
ber of genotypes and environments. Our KO approach also facilitated
model parsimony and resulted in more biologically reasonable esti-
mates of heritability. The heritability estimates associated with the
MMM were near 1 for production-related traits. In mixed models,

2 variance

trait variation is decomposed into genetic ¢? and error o
components, and such high heritability estimates correspond to near-
zero error variances. These unrealistic estimates may be related to
the tendency of linear mixed models to estimate variance-covariance
parameters at the boundary of the parameter space when the data
are insufficiently informative, a drawback noted for both frequentist
(Bolker et al., 2009) and Bayesian (Gelman, 2006) implementations.
Our KO approach may stabilize inference by increasing the ratio of
data to parameters through data integration (i.e. joint analysis of all
traits) and reducing model complexity via latent variables.

While we have motivated our KO approach in the context of
varying trait collections across environments, we caution against im-
plementing our model for experiments where two or more environ-
ments have no recorded traits in common. It would not be advisable
to fit our model to the physiology study traits in the absence of over-
lapping measurements from the six traits (i.e. FT, Seed(n), Seed(m),
Biomass, Tiller(n) and Survival) measured in all environments. These
traits provide reproducibility for estimation of the low-rank covariate
associations (i.e. B). The motivation for our framework is that the
additional traits measured in specific environments can be approx-
imated by latent variables that are primarily a function of the most
commonly collected traits.

The trait selection analysis corroborates previous analyses doc-
umenting varying life-history strategies across B. tectorum popu-
lations. Strategies appear to focus on drought escape and follow a
continuum from slow to fast. Early flowering was associated with
higher fitness in hot and dry environments but low fitness in cool
and wet climates. Early phenology in desert environments allows
B. tectorum to complete its life cycle in spring and avoid droughts
during summer (Kooyers, 2015; Leger et al., 2009; Rice et al., 1992).
On the other hand, later phenology improved fitness in cool and wet
environments. The consistency in selection coefficients along this
gradient emphasizes the importance of flowering time for shaping
reproductive success in diverse environments as well as the high her-
itability of flowering time (Figure 5).

While selection in flowering time matched environmental gra-
dients, the pattern of selection on seed mass was less obvious.
Previous studies have suggested larger seeds may maximize re-
productive success per seed in desert environments (Tremayne &
Richards, 2000) by allowing plants to speed up their lifecycle and
minimize the production of additional non-reproductive tissue. We
did not find evidence for this pattern. Larger seeds were primarily
associated with lower fitness, although positive associations were
observed for the low density treatments of Sheep Station. Flowering
time and seed mass were strongly correlated, and one explanation

could be that the associations between seed mass and reproductive
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success along the moisture temperature continuum were obscured
by selection on flowering time, the most heritable trait (Figure 5).
Seed mass can also improve survival by providing additional nutri-
ents during germination. This resource buffer is thought to be espe-
cially important in climates with high-temperature seasonality as B.
tectorum germinates in late fall or early winter. Related arguments
apply to freezing tolerance, which can protect the photosynthetic ef-
ficiency of early flowering genotypes in desert environments, which
may explain the selection on Fv/Fm at Baltzor (a mid-elevation, cold
semi-arid environment).

Tiller formation occurs in the early stages of plant development
and can increase reproductive success if resources are sufficient for
all tillers to develop inflorescences. However, in water-limited envi-
ronments, some tillers may senesce before developing inflorescences
and decrease resources for the developing reproductive structures
on the remaining tillers (Kebrom et al., 2013). The significance of this
trade-off can be seen in drought resistant lines of cereal crops that
have been selected for fewer tillers (Rasmusson, 1991). In our exper-
iment, selection on tiller number did not align with the climate gradi-
ent depicted by the first principal component. More tillers increased
reproductive success at all sites. Because the advantage of tillers is
related to water availability in a narrow temporal window, long-term
climatic patterns as depicted by the top two principal components
of the bioclimatic variables likely did not reflect the environmental
factors driving reproductive success at these four particular sites in
2022. The lack of congruence with climate gradients in tiller num-
ber could also relate to the fact that, like seed mass, tiller number
is less heritable than flowering time, which attenuated responses to
selection.

Although our KO approach was motivated by improving compu-
tational feasibility in multi-trait experiments, the flexibility, scalabil-
ity, and generality of our model make it straightforward to customize
for other datasets and analyses. Our approach is directly applicable
to multi-trait multi-environment trials in agronomy. We could account
for dominant and epistatic genetic effects and facilitate estimation
of broad-sense heritability by augmenting the covariance structure
of the latent variables. More broadly, our work complements the
existing latent variable modelling literature by highlighting the in-
ferential advantages of incorporating genomic structure within the
covariance of the latent variables. While our analysis was primarily
retrospective, focusing on the development of clines and life-history
trade-offs in B. tectorum, our KO approach may also have implica-
tions for ecological forecasting, where population responses to novel
environments remain difficult to predict (Zipkin & Doser, 2024). If
combined with temporally structured data on species occurrence and
genomics, a trait-based distribution model could be used to explore
forecasts of dispersal and evolutionary change by accounting for trait
plasticity and heritability. Such applications would require additional
assumptions about the temporal stability of heritability and trait-en-
vironment associations but may be valuable for understanding fu-
ture invasion dynamics of B. tectorum under climate change in the

Intermountain West.
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