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Abstract. We describe an equitable transform that can be used to estimate missing data points, determine
systematic patterns in data, observe baseline changes, and detect different amplitudes in replicated sequences.
It is applicable to short discrete two- or three-dimensional data sets such as biological life cycles or water con-
tent in similar media. The technique is independent of the continuity or ordering of sequences but is distinct
from methods such as principal component analysis. It is ideally used to preprocess noisy or incomplete data
sets prior to analysis with other well-established techniques. This transformation maintains systematic
differences between individual sequences when the underlying pattern is a separable function in two variables
added to another function in one of these variables. The equitable transform partitions the original noisy data
into the underlying signal determined from the data and its residuals. Points from one sequence can be
transformed to any other sequence without losing any information. Information about one or more sequences
can be used to infer others with missing data. A link to a github R package is provided so the transform can
easily be run on any two-dimensional data set. Simulated two-dimensional data sets are used to demonstrate
its utility in recovering missing data and scaling/offsetting in one of the dimensions. We used the transform to
determine that winter temperatures at a High Arctic site have warmed by 1.8° � 0.4°C/decade and summer
temperatures by 1.1° � 0.2°C/decade from 1986 to 2007. Applied to 18 yr of phenology data for the tundra
plant Dryas integrifolia at the same site, we determined that the annual cycles of phenology events could be
modeled accurately. Phenology, in some circumstances, can be described as offsetting and scaling the rate at
which life cycle events occur. We introduce the idea of scaling and shifting the seasonal cycle of a reference
plant via the equitable transform in order to approximate the behavior of multiple phenological cycles.
Relative phenology rates of Dryas integrifolia were found to have increased over time indicating duration of
phenological stages have become shorter in recent years, likely in response to the warming climate.
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INTRODUCTION

In ecology, knowing the spatial and temporal
scales at which various processes occur is essen-
tial for understanding how ecosystems function
(Wiens 1989). Patterns at different scales can be
linked in complex ways, and finding methods to
quantify the scaling of observations is an

important aspect of ecology (Levin 1992). By
making comparisons between multiple
sequences that follow a similar pattern, each
sequence can be defined by a scaling factor rela-
tive to the other sequences. For example, time
sequences that cycle each year such as precipita-
tion and temperature often have a repeating sea-
sonal pattern that can be compared between
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years through scaling. Alternatively, life cycle
stages of an organism often follow a set pattern
that repeats from one individual to another but
the scale and timing of this pattern is often
highly individualized (see Fig. 1). These set pat-
terns may change character within different
groups thereby altering the functional form of
the life cycle trait development. Biologists would
like to not only describe the average behavior of
a generic organism but also the individual devia-
tions from this behavior, ultimately linking the
behavior of one group to another. In this paper,
we describe a technique to characterize this indi-
vidual behavior and suggest a means by which
the linkage of different groups can be accom-
plished. This equitable transformation is equally
applicable to data sets of abiotic phenomenon.

The comparison of sequences in a data set is
often complicated by poor or irregular sampling
and/or by noise superimposed on the large scale
underlying pattern. With the assumption that the
multiple sequences have an identical underlying
signal, averaging is often employed to spot
trends. The variance around the average is
believed to reflect the extraneous noise in the sys-
tem. However, any systematic variation between
sequences can cause misinterpretation of results
from averaging. Quantifying this systematic vari-
ation or individuality found in ecological data
such as population dynamics or the life cycle of
organisms is an important aspect of understand-
ing the underlying patterns in these ecological
systems (Chave 2013). The trait itself could be
scaled and offset as in Fig. 1a, or, as in Fig. 1b,
the times at which the events take place in the
cycle of an individual could be scaled and offset.
For example, events might be defined (as in
Fig. 1b) by the times at which quantile levels are
reached in a cycle. This might be the time the
trait value attains its maximum value (quantile
level of 100%) or the time at which the trait value
has a quantile level of 25% after reaching a maxi-
mum (see Fig. 1b). These times may vary widely
from individual to individual even though all the
profiles are in an equitable sense equivalent to
each other. An application of simple averaging of
either the trait as a function of time (Fig. 1a) or
the time at which each event (Fig. 1b) takes place
for all individuals would both yield large sys-
tematic errors. We describe a method whereby
these data sets can be identified and described

even when concealed by large amounts of noise
and missing information.
In standard data analysis, when two or more

sequences are believed to be related by some
underlying function, researchers often investigate

Fig. 1. Idealized individual patterns for life cycle
attributes through a season: (a) change over a whole
season where the attribute itself is scaled and offset
(e.g., population changes, greenness index); (b) change
within a season (e.g., flower phenology, germination,
egg laying) where, instead, the timing of the life cycle
events is scalable and offset relative to each other.
Dashed vertical green lines represent “quantile level
events (0, 25, 50, 75, 100%)” for the green curve.
Squares show event maximum and circles, the event
“25% quantile level on the right side of the curve.”
There is no preferential individual as all profiles are
equivalent indicating that they are equitable with
respect to each other. These patterns could also repre-
sent abiotic attributes such as temperature or soil
moisture.
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relationships between the sequences by fitting
them to linear regressions, higher level polynomi-
als or by finding common frequencies or wave-
lengths through autocorrelative functions and
spectral analysis techniques such as wavelet anal-
ysis and the maximum entropy method or MEM
(Ulrych and Bishop 1975). When both the corre-
lated data sequences have associated errors, spe-
cial techniques take this into account to avoid
regression dilution biases (Berglund 2012) and
the analyses can become specialized and
complex.

A moving average (Kenney and Keeping
1954), unlike a typical average, does take into
account systematic variations across the
sequences in a data set. However, a moving aver-
age is only applicable to an ordered set of attri-
butes (e.g., a chronological time sequence) and is
generally used to smooth out variations over a
narrow window of time and not throughout the
entire data set. More sophisticated filtering tech-
niques such as those involving autoregressive
processes or spectral analysis (Brockwell and
Davis 2002) can also be applied but these meth-
ods are often specialized for use in specific cir-
cumstances and are frequently limited by
constraints of continuity and sample lengths.

Principal component analysis is also used
extensively (Wold 1966, Andrecut 2009) and has
the advantage of not generally being restricted
by continuity and sequence length. In addition, it
can separate the data into multiple orthogonal
components based on a minimization of succes-
sive variances. Our technique is significantly dif-
ferent from this method although the two
techniques resemble each other on a superficial
level.

The method presented here, called an equita-
ble transformation, takes into account systematic
variations between the sequences that are not
accounted for when averaging. Equitable in the
context of this technique refers to the ability to
convert (equitably or fairly) between one
sequence and another and back again. Originally,
the concept of this matrix was introduced by Par-
ker (1965a, b) as a pure mathematical construct
that allowed one to quickly determine whether a
finite set of objects under a binary operation was
a group or not. Parker (1965b) termed a matrix
with these properties an equitable matrix and
showed that such a matrix could be used in

currency exchange interactions to equitably
move currencies through foreign currency
exchanges without loss. These matrices allow the
conversion over many scales of measure while
always being able return to the initial currency
without loss or gain. The equitable nature of our
transform allows this conversion process to take
place and is what makes the technique so power-
ful. Elphinstone et al. (1986) later found a means
to apply this equitable matrix concept to data
analysis where they linked large-scale airglow
structures in the upper atmosphere to planetary
waves. Elphinstone et al. (1988) further devel-
oped this idea enabling a velocity spectrum to be
constructed that proved useful for detecting the
propagation characteristics of atmospheric grav-
ity waves. These latter two papers dealt solely
with equitable matrices and how to determine
them from two-dimensional data sets. In the cur-
rent paper, we show why their technique for
determining the equitable matrix is successful,
build on that success to construct a second equi-
table shift matrix, and finally determine an equi-
table transform that allows information to be
equitably transferred between individuals that
share the same underlying pattern. The equitable
technique is applicable to a wide variety of data
sets where the characteristics of individual data
sequences play an essential role.
In the Methods section below, we first outline

the equitable transform technique and what is
meant by an equitable data set. We introduce rel-
evant equations and provide a proof for why the
convergence to an equitable matrix can occur.
Non-technical readers can focus on the intuitive
description provided and skip to the results that
summarize the usefulness of the technique. An
example of a small data set transformed is also
presented in the Appendices to illustrate pre-
cisely the meaning of an equitable transforma-
tion. A link to an R package is given so that
researchers can use the technique on their own
two-dimensional data sets or explore prebuilt
ones that we provide. In the Results section, we
apply the equitable technique to simulated data
sets in order to demonstrate its usefulness in cop-
ing with missing, discontinuous, and noisy data.
We demonstrate how an equitable transforma-
tion can be applied to ecological data sets in
order to better understand the patterns within
them. Using this method, instances or individual
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series in a data set can be scaled and offset rela-
tive to each other in a systematic way that pre-
serves the integrity of the data while estimating
missing data and reducing noise that usually
interferes with interpretation.

We then use the technique to analyze tem-
perature data and phenology events of Dryas
integrifolia plants measured over an 18-yr per-
iod at a research site in the Canadian High
Arctic. We show that individual phenology
cycles can be thought of as scaled (stretched or
compressed) and offset versions of each other
or of some average cycle. Similarly, daily tem-
peratures for a given year were stretched or
compressed and offset versions of each other or
some average or reference year. The Discussion
section includes a comparison with principal
component analysis and how this technique
differs in philosophy. The implications of the
phenology results are discussed for their rele-
vance to climate change as well as for their
implications for the study of organism life
cycles. We also briefly introduce the concept of
multiple-level equitable systems and their rela-
tion to fractal like systems.

METHODS

Technique intuition
The equitable matrix technique can be applied

to any data set containing multiple sequences
measuring some attribute that are related via
the stretching and shifting of an underlying
function. The five sequences in the columns of
Table 1 are the attribute values, I, associated
with a set of events numbered in this case from
n = 0 to 5. The function chosen as an example is
g(n) = n. These so-called events represent

different circumstances for the individuals
involved, and the recorded values are the indi-
vidual measurements. The columns, A–E, repre-
sent individuals whose trait (quantified by some
particular attribute I) is recorded under six dif-
ferent circumstances (the rows n = 0, 5). These
circumstances could be treatments, event times,
events themselves, spatial locations, points in
time, or other attributes. What is key here is that
all the individuals are responding (via the attri-
bute I) in a consistent way to the different
events, and this underlying manner is expressed
by some function of the events, g(n). They do
not, however, all respond identically. Individual
A has attributes IA(n) which are equal to the
generalized function g(n). Individual D responds
like individual A but its response is shifted by a
constant value (ID(n) = g(n) + shift). Individual
B is twice as sensitive to the stimuli than is
expressed by g(n) but it is not shifted relative to
individual A (IB(n) = 2 g(n)). Individual C is
three times as responsive as is implied by g(n)
and is shifted to a larger value from g(n) by 5
(ID(n) = 3 g(n) + 5). Individual E is a special
case where the behavior of its attribute (IE) is
unaffected by the different events resulting in a
flat line.
In this example, because the attribute of indi-

vidual A was identical to g(n), IA(n) and g(n) are
interchangeable and one could think of all of the
other individuals responding to the events rela-
tive to the attribute of individual A instead of rel-
ative to the function g(n). In fact, it seems logical
that any individual might be used as a reference
for comparison to others. We wondered whether
a system of individuals which were not perfectly
related but all followed the same general under-
lying function could be described in a rigorous

Table 1. An equitable data set (arbitrary units): columns A–E represent the individuals or replicates and rows 0–5
represent the events, different circumstances under which the same attribute, I, is measured.

Event number (n) Individual A Individual B Individual C Individual D Individual E

g(n) = n I = 1�g(n) + 0 I = 2�g(n) + 0 I = 3�g(n) + 5 I = 1�g(n) + 2 I = 0�g(n) + 3
n = 0 0 0 5 2 3
n = 1 1 2 8 3 3
n = 2 2 4 11 4 3
n = 3 3 6 14 5 3
n = 4 4 8 17 6 3
n = 5 5 10 20 7 3

Note: The general response for each individual with respect to the function g(n) is given in the second row.
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manner without defining a single individual as
an absolute reference. The result was what we
refer to as an equitable transform where one indi-
vidual does not have preference over another.

If all of the individuals acted nearly identically
to individual A, a simple average of the attribute,
I, at each event, n = 0, 1, 2. . ., would adequately
describe all of the individuals’ behavior under
each circumstance. It is clear for the example in
Table 1, however, that simple averaging is not
always appropriate and could lead to a poor
description of a system that is really quite well-
defined. Note that when an individual does not
respond to the varying conditions (rows or
events), this represents a special case that shall
be referred to as nodes and will be excluded from
our equitable analysis. The nodes have a simple
description on their own since measurements of
the attribute are invariant with respect to the
changing conditions.

A typical data set of this nature could be many
sine waves stretched and shifted relative to each
other. The sine wave describes a quantitative
measurement (such as temperature) discretely
sampled over a set of different events (such as
time). The sine wave structure (Fig. 2a) is scaled
and shifted for the different individual
sequences. For example, the quantitative mea-
sure along the y-axis (shown in Fig. 2a) could
represent temperature. The three different
sequences could represent three different loca-
tions where temperatures were measured at the
times A–J on the x-axis. The attributes along the
x-axis are typically either time or space coordi-
nates although they are by no means restricted to
them. These three sequences (Fig. 2a) have a lin-
ear relationship with the arbitrarily chosen refer-
ence sequence (Fig. 2b).

If nothing is known concerning the sequences,
data like these might be averaged over the
sequences to determine whether there is a trend
in the measurements over the attributes. In the
space/time/temperature example, this would
involve averaging over spatial location to infer
temporal changes in temperature. Due to the sys-
tematic changes (shifting and stretching) occur-
ring in the sequences, averaging across the
spatial locations would mask variations of the
sinusoidal signal in each sequence. The equitable
transform technique is a systematic method that
accounts for the individual character of each

sequence. The data are equitable because they all
have the same underlying function.
Data sets of this equitable nature (Figs. 1, 2 as

well as Table 1) correspond to a discrete

Fig. 2. (a) Three sequences (yellow, blue, red) of
some quantitative measure (such as temperature at
three spatial locations) as a function of arbitrary attri-
butes A-J (such as times the temperature was mea-
sured at the three locations). (b) The three sequences
from (a) as a function of a reference sequence, chosen
in this case to be the blue sequence in (a). By shifting
the origin (0, 0) along the blue reference line (y = x),
the new y-intercepts of the lines of the other locations
yield the quantitative variation of the attribute when
the reference sequence has the value of the new zero
(new reference frames with different origins shown in
green and blue).
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sampling of a function of two dimensions, for
example, space (x) and time (t), that can be sepa-
rated into the product of two functions (a spatial
function f(x) and a time function g(t)) combined
with a time-independent function u(x). Knowing
one reference sequence in a perfectly equitable
data set is sufficient to deduce all other
sequences, if it is known how the other
sequences are shifted and scaled relative to the
reference. This is similar to how the Boltzmann
transformation is used in soil science to trans-
form various soil water content distributions to a
reference soil distribution (Nielsen et al. 1997).
We cannot emphasize enough that although we
use the variables x and t frequently in this paper,
they represent arbitrary variables and are in no
way limited to the conventional associations of
spatial and temporal coordinates.

In most natural systems, the observed
sequences are not perfectly equitable (as they are
in Figs. 2, 3) and variations from this perfectly
equitable system are inevitable. Temperature, for
example, is equitable on large spatial and tempo-
ral scales (e.g., at high latitudes it is generally
warmer in summer than in winter) while on
smaller scales, temperature becomes much less
equitable (e.g., temperatures at a specific micro-
site location cannot be determined accurately by
knowing the specific day of the year). The tech-
nique presented here yields a parameter that
describes the degree to which a data set has this
equitable form and includes errors associated
with the transformed data. The technique can
also be used to determine the scale at which a
system becomes equitable.

The equitable matrix technique yields several
concrete results. First, it establishes whether or
not sequences within a data set are equitable; that
is, do the sequences have the same underlying
function and differ only by a shifting or stretching
of this function? Second, after determining that
the raw data collected are reasonably equitable,
an equitable transform can be constructed that
better represents the underlying function. Raw
data are rarely perfectly equitable as a result of
the noise and error that are found in any mea-
sured system. Non-equitable data points in the
sequences are assumed to be a result of noise or
error and will be averaged out leaving a much
clearer equitable function (a function separable in
two variables). Extreme outliers may or may not

be removed depending on whether or not the out-
liers are equitable with respect to the equivalent
points in the other data sequences. Thirdly, this
transformation process allows missing data to be
estimated. Finally, the equitable slope and inter-
cept matrices define the general function underly-
ing all of the data sequences that allow any
sequence to be transformed into any other. These
matrices determine the amount of shifting (inter-
cept) or stretching (slope) required of a reference
sequence to reproduce any other replicate
sequence. This concept of relating equitable matri-
ces to data analysis was first described by Elphin-
stone et al. (1986) while investigating high
latitude airglow observations. The following out-
line of the equitable slope matrix and its relation
to a least squares linear regression matrix closely
follows their formulation. We show why their
method for determining an equitable slope matrix
works and then we use this matrix as a starting
point for developing a novel equitable transform
method that involves a second matrix termed a
shift matrix. This matrix also has special proper-
ties.

Fundamental equations
In what follows, a data set L(t,x) is assumed to

consist of M observations in variable t at N val-
ues of another variable x resulting in a data set of
M 9 N observations. The two variables t and x
can be thought of as time and space coordinates,
respectively, if the reader finds it more intuitive
to understand the formulation this way. How-
ever, these variables could equally be any other
parameters such as a set of different species,
events in a life history, experimental treatments,
or types of soil. No assumptions are necessary
regarding the ordering or distribution of the N
coordinate values of x. When interpreting them
as spatial coordinates, any points distributed in
3D space could be used. Each of the M observa-
tions at a given x value should be evaluated at
the same t coordinate as for all the observations
at other x coordinates (coincidental in time if
time is the variable in question or coincidental in
event if event is the coordinate label for t). These
also do not need to be ordered in any way (i.e., if
interpreted as a temporal variable they do not
have to be in chronological order). There may
also be points on the M 9 N grid where no data
exist.
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When the data set of the attribute L has a per-
fectly equitable form, the N sequences of M
points will correlate perfectly with the reference
sequence and any sequence can be chosen as this
reference sequence. We define a perfectly equita-
ble data set, measuring some quantity L, as a

product of a function f(x) and a function g(t) plus
a second function of x, u(x). That is,

Lðt; xÞ ¼ gðtÞf ðxÞ þ uðxÞ: (1)

There are assumed to be N samples in variable
x. M samples in variable t exist for each value of

Fig. 3. A false color data set consisting of a step function in t and an absolute value of a linear function in x.
The columns show full sampling (a), missing samples (b), and the recovered data from an equitable transform
(c). Rows show the data sets with increasing resolutions: The top row has 15 samples in the variable t taken at
equal intervals and 10 samples in the x dimension (for each t); the resolution in the middle row is increased by a
factor of 3 (45 time samples 9 30 spatial samples) and the bottom row by a factor of 15 (225 time samples 9 150
spatial samples). The fraction of randomly missing data increased from 47% in the top row to 70% in the middle
row and 85% in the bottom row.
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x. Eq. 1 can be written in vector/matrix form by
letting g be a row vector (lengthM) and f, u being
column vectors (length N). Then, L = g*f + (u0*1)
0 where 1 is a row vector (length M) consisting of
1s. The symbol * represents the Cayley product
(Eves 1980), and the symbol 0 represents trans-
pose.

To put Eq. 1 in the context of our example data
set (Table 1), the variable t is associated with the
six events 0 to 5 sampled for all of the five indi-
viduals labeled from x = A–E. That is, there are
five individual sequences, each with observed
values for six events. The connection to equitable
matrices is made when two specific individual
sequences, say individual values at z and y, are
correlated together. The two specific sequences
(at locations/individuals z and y) can then be
written as:

LzðtÞ ¼ fzgðtÞ þ uz and LyðtÞ ¼ fygðtÞ þ uy;

(2)

where the factors fz and uz represent a stretching
and shifting of a generic function, g(t), at the
specific location/individual z. The generic func-
tion, g(t), represents the underlying function
observed in all of the N sequences in the data set.
By stretching (via fy) and shifting (via uy) g(t), all
of the sequences in the data set can be deter-
mined. The differences between sequences in
Fig. 2a can then be understood as stretching due
to the function f and shifting due to the function
u at/for various locations/individuals.

We can make the linear connection between
sequences z and y explicit (as in Fig. 2b), by solv-
ing the first part of Eq. 2 for g(t) and substituting
it into the latter part of (2). This gives

LyðtÞ ¼ ayzLzðtÞ þ byz: (3)

Eq. 3 exhibits the linear relationship between
the sequence at location/individual y and the
sequence at reference location/individual z (any
location/individual can be used as the reference).
The terms ayz and byz are the independent slope
and intercept, respectively, and are independent
of the variable t. They relate the sequences z and
y to each other. The slope and intercept are
related to the original functions (f(x) and u(x) at
specific locations/individuals x = z and y) by

ayz ¼ fy=fz; and byz ¼ uy � ayzuz:fz 6¼ 0: (4)

Correlating all possible pairs of sequences in a
perfectly equitable data set (described by Eq. 2)
will result in perfect correlations, with the slopes
and intercepts described by Eq. 4. If there are N
sequences, an N 9 N matrix of the slopes (ayz)
and another N 9 N matrix of the intercepts (byz)
(byz) will result. These slope (stretching) and
intercept (shifting) matrices allow any reference
sequence in the data set to be related to any other
sequence. The values in the diagonal of the slope
matrix are all one and the values in the diagonal
of the intercept matrix are all zeros because the
diagonals are the slopes and intercepts of the ref-
erence sequences compared with themselves (re-
sulting in a slope = 1 and intercept = 0).
The matrix of slopes has particular properties

that can be derived from Eq. 4. That is,

azz ¼ 1; azy ¼ 1=ayz; and axy ¼ axzazy
for all indices x; y and z: (5)

Matrices with these properties have a rank of
1 and were first used as a method to quickly
determine whether or not a set of objects were a
mathematical group under some binary opera-
tion (Parker 1965b, Eves 1980). As well, the
matrix of intercepts or the equitable shift matrix
also has special properties. These include the
following:

byx ¼ byz � ayxbxz; ayxbxz ¼ �ayzbzx and
ayxbxy þ byx ¼ 0; (6)

for all indices (x, y and z) in the matrix. The prop-
erties of this intercept matrix use addition and
multiplication to relate the equitable slope matrix
(ayx) elements with the intercept elements (byx).
These shift matrices normally have rank 2 and
depend both on the equitable slope matrix and
the values of u(x).
Eqs. 3–6 describe relationships that any dis-

crete data set with the equitable form given in
Eq. 1 must have. The perfectly equitable
sequences at the N locations/individuals, when
correlated together, will produce a matrix of
slopes and intercepts/shifts given by Eq. 4 with
the slope properties given by Eq. 5 and the inter-
cept properties given by Eq. 6. In reality, how-
ever, sequences are rarely perfectly equitable and
usually do not result in perfect linear fits having
these slopes and intercepts. A data set consisting
of N sequences can be investigated to see
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whether it follows the equitable form of Eq. 2 by
calculating linear regression fits between all pos-
sible pairs of unique sequences. If two sequences
z and y are perfectly equitable, exactly of the
form in Eq. 1, the correlation between the
sequences will result in a correlation of determi-
nation rzy

2 = 1. As the two sequences become less
equitable, meaning they do not exactly follow
the form described by Eq. 1, their rzy

2 decreases.
Any rzy

2 value less than one gives an estimate of
the portion of noise that could be associated with
relating sequence z with sequence y. An average
(R2) of all N2 coefficients of determination (rzy

2)
provides an estimate of the equitability of the
data set; that is, how closely the system fits the
form of Eq. 1 and if there is the same underlying
function g(t) in all of the sequences in the data set
(Elphinstone et al. 1986).

If two time series, x and y, are perfectly lin-
early related, the product of the associated
slopes, axy (x vs. y) and ayx, (y vs. x), is equal to
one. If the x and y series are less than perfectly
correlated, the product of the least squares
regression slopes is equal to the square of the
correlation coefficient, r2. The method of conver-
sion from least squares matrices of slopes and
intercepts to their equitable equivalent is
described in detail in Appendix S1. The slope
matrix (A) is determined in a manner similar to
that of Elphinstone et al. (1986) whereby the
ratios of least squares slopes, ayz0/axz0, relative to
the reference location z will approximate the
equitable slopes associated with a true signal
slope of ayx. In Appendix S1, we demonstrate
for the first time that this ratio approximates the
signal slope due to a cancellation of the vari-
ances associated with the reference location z. A
new method for determining the shift or inter-
cept equitable matrix (B) from the least squares
matrices is given, and the detailed weighted
method for creating the equitable transform is
outlined. Without this shift matrix having the
properties in Eq. 6, any resulting transformation
process would not be practical as the intercepts
involved with the different sequences would
depend inappropriately on the slope values.
With both of these special matrices determined,
the equitable transform, T, can be defined that
converts values of the data, I z; tð Þ; for locations/
individuals z to values for x. That is,

Iðt; xÞ�T½Iðt; zÞ� ¼ 1=NðA � I0 þ B � ½1�0Þ; (7)

where [1] is a matrix consisting of 10s with the
dimensions of I (M 9 N). In practice, weighting
factors (see Appendix S1 for details) help ensure
sequences more related to each other are given
enhanced effect in the calculation. This equitable
transform is somewhat similar to averaging the
data. If the equitable slope matrix, A, was all 1s
and the shift matrix, B, was all 0s, then the equi-
table transform of the data would be a simple
average over the N locations. However, if sys-
tematic changes occur, then the unique aspects of
each sequence (at location/individual x) consis-
tent with the function fx * g(t) + ux in Eq. 1 are
retained. The linear fits in an equitable transform
allow an average to be given at every point in the
data set rather than yielding a single point from
averaging over some selected range. This allows
the individual character of each sequence to be
maintained while incorporating its relationship
to all the other sequences. A by-product of this
analysis is that if there were no direct observa-
tions at a particular point in variables t and x, the
equitable transform gives an estimate (with
error) of the value based on the sequences at the
other locations/individuals. The unusual charac-
ter of the shift matrix allows one to describe the
spatial/individual variations of the data set for
some tc relative to the reference spatial/individ-
ual location (z) simply by shifting the origin of
the data set to that reference x and t coordinates
(Fig. 2; Appendix S1). A least squares transform,
Tls, can also be defined in the same manner as an
equitable one (via Eq. 7) simply by replacing the
equitable matrices with the least squares equiva-
lents.
In order to illustrate how the equitable slope

and intercept matrices are calculated, we give an
example of this transform applied to a small sim-
ply defined (5 9 4) data set in Appendix S1.
The equitable transform allows the individual-

ity of sequences to be retained and lets
sequences be equitably interconverted between
each other. The transform, T[L(t, z)], takes
sequence values at one or more fixed points, z,
and converts them equitably to all other x vari-
able points. It is also possible to let z denote a
fictitious location/individual associated with a
temporal profile formed by averaging over all z,
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and the transform could be evaluated including
this extra location/individual. Knowing one
value (perhaps an average temperature at other
locations/individuals) allows the rest of the
sequences to be determined based on the
sequence values associated with z. If an average
sequence profile is used, then such a point must
be included in the calculation of the equitable
matrices. If the average trait (or trait at some
location/individual) has a zero or small variation
over the sequence interval of M values, then
these locations/individuals become nodes and
should generally not be used.

Code availability
The equitable transform package is given on

GitHub at: https://github.com/celphin/Equitable
Also, a pdf manual of available functions and

data files containing temperatures and Dryas
phenology are to be found in https://github.com/
celphin/Equitable-Project.

In R, type:
install.packages("devtools")

library(devtools)

install_github("celphin/Equitable") #to

install the package

library(Equitable) # to load the package

??Equitable #for more information on the

functions

eg4(1,1) # to see one example dataset

Multiple examples are given in the manual
and help to show how the software can be used
and the effectiveness of the transform under
diverse conditions. Functions for creating the
synthetic data sets are provided, including those
used in the examples below. After creating their
own real (or synthetic) data sets containing both
noise and missing information at various resolu-
tions, researchers can explore the data sets using
the plotting functions in this package.

RESULTS

Analysis techniques for two-dimensional data
sets often cannot deal effectively with short
sequences, data with missing values, or data that
do not implicitly involve continuous functions.
To illustrate the effectiveness of the equitable
transform, we first simulated three different two-
dimensional data sets that discretely sample sim-
ple separable functions (of the form in Eq. 1) at

different spatial/temporal resolutions with vary-
ing degrees of missing, noisy, and discontinuous
data. We then use the equitable transform to ana-
lyze temperature and plant phenology data from
a long-term Arctic research site.

Example 1: dealing with missing data
In this first example, we chose a temporal func-

tion, g(t), to be a step function with five levels
over the full temporal interval beginning at 2 and
incrementing by 1 for each level. A spatial func-
tion, f(x), is chosen to be an absolute value func-
tion minimizing at 20 near the center and
increasing linearly with x on each side. Three dis-
crete sampling resolutions were chosen resulting
in three-two-dimensional data sets with 15 9 10,
45 9 30, and 225 9 150 points. False color repre-
sentations of these full data sets are shown in the
left panels of Fig. 3.
Sometimes, problems arise when sampling

and some data go missing or are not collected.
This problem is simulated here by randomly
removing some fraction of the discretely sampled
equitable data. Missing data can be problematic
for many standard data analysis techniques.
However, since the equitable transform does not
rely on continuity or equal intervals between
samples, it can be used to recover missing infor-
mation from the attenuated data. The R2 value
for a case with missing data will still be 1 since
the data set is separable and all possible pairs of
time series are perfectly correlated. The equitable
transform can completely recover the original
pattern until the fraction of missing data reaches
a critical threshold. If too many data are missing,
some values in the transformed data set will not
be able to be estimated (e.g., blank spaces the
right panels of Fig. 3). For data sets with higher
resolution, a larger fraction of missing data can
be recovered. In the low-resolution data set (top
row of panels in Fig. 3), 47% of the data are miss-
ing and the equitable transform accurately recov-
ers all but four points of the original data (top
right panel of Fig. 3). At three times higher reso-
lution (45 9 30 points), 70% of the data can be
removed and almost the entire original data set
is recovered (middle row of Fig. 3). At 15 times
the sampling resolution (225 9 150 points), 85%
of the original data can be missing and the entire
data set is recoverable (bottom row of Fig. 3).
The equitable transform can recover the missing
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data even though the original data sets were dis-
crete, discontinuous, and sampled poorly. This
recovery of the data using the equitable trans-
form would now allow a more detailed analysis
using standard techniques to proceed.

Example 2: dealing with noisy data
An underlying signal can be unrecognizable in

the presence of too much noise. Often, however,
an equitable transform can (1) demonstrate that
there is an underlying signal and (2) recover the
signal with relatively little bias. Appendix S2:
Fig. S1 gives one example of such a signal
embedded in noise, and Appendix S2: Fig. S2
illustrates the bias inherent in a least squares
transform vs. the equitable one. The least squares
transform generally overestimates low values of
the signal and underestimates high values of the
signal. This bias is related to the product of the
least squares slopes being the square of the corre-
lation coefficient (axy0�ayx0 = ryx

2) instead of 1,
thereby compressing the transformed data
toward its mean value. It is a result of error in
the independent variable of the linear least
squares regression fit.

Example 3: Dealing with both noise and missing
values
A third example incorporates both missing

data points and adding normally distributed
noise onto a separable signal. A separable signal
(left panel Fig. 4) was created with a resolution
of 50 9 75. Then, noise was added to this signal
and 50% of the data removed creating a noisy
incomplete data set, I(x, t) (middle panel of
Fig. 4). The equitable transform of this noisy
incomplete data set was determined, and all
missing data were replaced with transform val-
ues (right panel of Fig. 4). It took 3 iterations to
change the least squares regression matrix of
slopes (with an R2 = 0.40 and 1 � P = 0.77) into
an equitable matrix (agreeing with the properties
in Eq. 5 corresponding to an R2 = 1.00001). Note
that no information concerning the signal was
assumed.
For each point in the equitable transform, T[I(t,

x)], the standard deviation of the transformed
point can be determined. If zero, then the value
at that point is accurately determined by its rela-
tionship to the other time sequences. In this case,
the pattern of the equitable transform accurately

Fig. 4. False color images of (a) the signal, (b) the signal data + noise (rG = 0.5rS) without 50% of the data to
be analyzed (middle), and (c) the equitable transform of the noisy incomplete data (right). No information about
the signal was used to infer the equitable transform in (c). The signal function (L, the left panel) was defined
using f(x) = √x∙ sin(2p(x + 20)/90), g(t) = sin(2p(t + 30)/180) + sin(2p(t + 30)/90), and u(x) = 0.1x+10 sin(2px/60).
Both x and t had 360 units that were sampled at regular intervals with 50 spatial locations and 75 time points.
Noise with a standard deviation, rG, of one-half of the original signal standard deviation (rL) was added to the
system. In the middle panel, 50% of the data were randomly was replaced with n/a values.
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reflects the original separable signal and the stan-
dard deviations of the transform data reflect the
noise resulting from I(t,x) deviating significantly
from this signal (Fig. 5). Without approximating
the missing information, it would be very diffi-
cult to interpret some of the noisy incomplete
original data (the black squares in Fig. 5a,b) as
corresponding to the separable signal (the black
lines in Fig. 5c,d). The equitable transform (trian-
gles in Fig. 5c,d) reproduces the signal very well.

The complexity of the signal would make rela-
tionships between time sequences or spatial pat-
terns difficult to determine by other methods.
For example, there is no clear connection
between the spatial (column) variation at row 60
(black squares in Fig. 5a) and the spatial pattern
at row 75 (black squares in Fig. 5b) but the two
are related (in the absence of noise) via Eq. 1.
Note that these two sequences are not linearly
related since they are the spatial variations and

Fig. 5. Horizontal cross sections of Fig. 4 showing column (x) variation at row = 60 (a, c) and 75 (b, d). Only
the noisy/incomplete data (solid squares) are shown in panels (a) and (b). Panels (c) and (d) include the signal
(solid line), the noisy/incomplete data (solid squares), and the equitable transform values (triangles with stan-
dard deviation error bars).
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described by f ðxÞx007E; �gt þ uðxÞ for each speci-
fic time (t). Similar results were found for the
row (temporal) sequences at all column loca-
tions; these however, are linearly related.

Comparison of the equitable transform of a noisy
signal to the separable signal

In the simulation example shown in
Appendix S2, we found that the standard devia-
tion of the difference between the original (signal
(L) + noise (G)) and the equitable transform, T
(L + G), was close to the standard deviation of
the noise by itself r(TL+G � L) ~ rG. This indi-
cated that the transformation process might be
partitioning the original data (I = L + G) into the
separable signal (L) and the original noise (G). In
this section, we explore this possibility and show
a more precise description of this partitioning.
Those readers not interested in these details can
skip to the long-term temperature variations sec-
tion where we analyze High Arctic temperatures
using this equitable transform.

If a data set is finite with N time sequences
each containing M points, the superimposed
noise, G(t,x), has mean values over both the t and
x variables, G(x)t and G(t)x (where the variable
underlined is the variable over which the averag-
ing takes place) whose r values are approxi-
mately rG/√M and rG/√N, respectively. The set of
M 9 N points containing only the averaged
noise, H(x, t) = G (t) x +G(x)t, takes the form of
Eq. 1 and so matches the definition of equitable
(with f(x) = 1). It has a standard deviation of
rH = rG�√(1/M + 1/N). When the noise is super-
imposed on the signal, L(t, x), the variable t-inde-
pendent, x-dependent noise term Gt(x), cannot be
distinguished from the u(x) term in Eq. 1 and so
contributes as part of the separable signal. The
connection of Gt(x) to the separable form is less
clear but the equitable transformation of I(t,
x) = L(t,x) + G(t,x) will combine slopes with the
time-dependent x-average of the noise Gx(t).
Thus, the residuals (RE) between the equitable
transformation T[L + G] and the original signal,
L, should include a term that resembles H (the t-
variable and x-variable noise averages). For the
second simulation shown in Appendix S2:
Fig. S1, using N = 150 and M = 225, rH becomes
0.13 units and rRE = 0.15. The residual variance
from comparing the signal to the equitable trans-
form appears to be dominated by the standard

deviations of the x and t averages of the noise
(which decreases by √(1/M + 1/N). This indicates
(neglecting variations associated with the spatial
and temporal noise averages) that the equitable
transformation of a signal (of the form in Eq. 1)
superimposed with noise does approximately
partition the data set into the original separable
signal (the transform) and the noise (the residu-
als). We explore this possibility further by exam-
ining these standard deviations under a variety
of conditions but we first consider what the
results from a least squares transform should
look like.

Least squares transform: regression dilution bias
In the second simulation (Appendix S2:

Fig. S2), we found that the regression or least
squares transform had significant bias compared
to the equitable transform. Linear regression fits
yield slopes such that aij�aji = r2 where r2 is the
coefficient of determination. As r2 approaches 1
for all pairs of sequences, the system becomes
more equitable, whereas when it is close to zero,
the product of the slopes also becomes zero. This
is known as regression dilution bias (Berglund
2012) and is associated with error existing in the
independent variable of a linear regression fit.
Thus, correlating two series both of which con-
tain error will result in biased estimates. When
noise is superimposed on two sequences, the r2

from the linear regression fit comparing the two
sequences tends toward zero. This occurs even if
the two sequences both contain the same under-
lying function g(t) and fit the form of Eq. 2. One
consequence of this for a regression or least
squares transform is that the variance associated
with the residuals between this type of transform
and an underlying signal is made up primarily
by the bias itself. It therefore is not a useful
means by which to transform the data.
As seen in the middle panel of Appendix S2:

Fig. S2, the least squares transform (Tls) is
approximately linearly related to the separable
signal (L). A line can be fitted comparing the
two. In general, higher signal values imply
underestimating by the least squares transform
results and the smallest signal values are gener-
ally overestimated by the transform. This
approximately linear relationship (mI + p) relat-
ing the transform to the data has a slope (m) of
<1 (Appendix S2: Fig. S2). The slope (m) and
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intercept (p) from this fit can be used to approxi-
mate the variance of the difference between the
least squares transform and the signal (rTls�L).
We also assume the means, l, of both the Tls and
the data are about the same. The variance of the
residuals between the transform and the signal
is rTls�L

2~rmI+p�L
2~r2�[(m � 1)�L + mG + p]~

(m � 1)2�(rL
2+l2) + m2 rH

2 + p2 + 2(m � 1)pl.
When there is no bias (m = 1, p = 0), the residual
variance should be only rH

2 or approximately
the variance associated with the averages of the
noise term. We shall see that, for the equitable
transform, this is close to the case indicating that
the equitable transform has little bias and in gen-
eral approximates the signal quite well. With this
information, we can better investigate the effects
of noise and sampling on the equitable and least
squares transforms.

Effect on the transforms of changing the
resolution, amount of noise, and missing data

To understand how well an equitable trans-
form can distinguish between a separable signal
and a random noise component, it is informative
to vary the resolution of the sampling, the
amount of noise, and the fraction of missing data
(Fig. 6). Increasing the length of the sequence (in-
creasing M) decreases both rH (solid lines in
Fig. 6b) and r(T � L) (black squares in Fig. 6)
such that it appears that for large N and M,
rH ~ r(T � L). That is, the r associated with the
difference between the transform and the origi-
nal signal approaches rH or the standard devia-
tion of the combined noise averages (or is just
slightly larger). These average standard devia-
tions in turn decrease with 1/√M and 1/√N. In
contrast, for the least squares transform, r
(Tls � L) (triangles in Fig. 6) remains relatively
constant at somewhat more than ½ of the noise
standard deviation. Increasing the variance of
the noise relative to the signal while fixing N and
M at 100 and 150 points, respectively (Fig. 6a),
increases the residual rH (solid line in Fig. 6)
which is connected closely to changes in r(T–L)
(black squares in Fig. 6). Note that this close rela-
tion holds with cases that include the noise stan-
dard deviation being 1.3 times larger than the
signal standard deviation. The residuals from
comparing the least squares transform also
increase remaining at a level of about 0.5rG. The
standard deviations for lower noise levels are

somewhat larger than predicted by the formula
above (dashed line in Fig. 6a) but are similar at
very high noise levels where the noise is consid-
erably larger than the signal. Increasing the miss-
ing data fraction, F, of the total number of grid
points has the expected effect of increasing r(T–
L) since this effectively decreases the number of
data points with information associated with
them.
In summary, Fig. 6 shows that the standard

deviation between the transform and the signal
is slightly larger than the standard deviation of a
data set of the noise averages and decreases with
it as the data sampling increases. There is little
apparent bias. In contrast, the equivalent least
squares transform performs rather poorly in
comparison and does not show this trend.
Increasing the noise (fixing other parameters)
increases these averages, and this is reflected in
the equitable transformed values (Fig. 6a).
Increasing the amount of missing data plays a
more important role as the fraction of missing
data exceeds about 50% (Fig. 6c).

Principal component analysis and its relation to
an equitable transform
There is a superficial resemblance between the

equitable transform in Eq. (7) and that of princi-
pal component analysis (PCA). Usually, PCA
and the equitable transform are applied under
very different circumstances. Principal compo-
nent analysis is generally applied when it is
desirable to cluster groups of individuals
together based on various quantitative measure-
ments. Principal component analysis results in
multiple eigenvectors representing independent
properties of the data set and relates the various
measurements and individuals to these principal
components. If a data set has a single dominant
principal component, then the results of PCA
and the equitable transform can be compared.
The equitable transform makes a model using a
single property or component of the data and
relates individuals by scaling or offsetting this
property. Principal component analysis is best
used when there are multiple different factors of
a system measured such as temperature, snow-
melt, and soil moisture over a landscape. The
equitable system is applicable when investigat-
ing only one of these factors. If only one of these
factors explains the variation in the system, PCA
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can be used to make a model via its predictive
capabilities and this can be compared to the
results an equivalent equitable model.
We can picture the data sets described prior as

cases in which a single eigenvector dominates
the data and investigate predictions that result
from a PCA. It is therefore informative to com-
pare the two techniques for some of the cases we
have shown. The non-linear iterative partial least
squares (NIPALS) implementation of PCA
(Andrecut 2009) can deal with missing informa-
tion, and so we use it to compare results between
a PCA transform and the equitable transform.
We wanted to test both the effectiveness of the
algorithms to deal with missing information as
well as noise.
For the missing information case, we used the

signal (step function combined with an absolute
value of a linear function) from Example 1
(Fig. 3) with the lower two resolutions and miss-
ing data percentages (47% and 70% missing
data). As expected, after centering the data,
when no missing information existed, the PCA
reproduced the signal perfectly. However, when
missing information was introduced, the effect of
centering the data led to inaccuracies in the cen-
tering itself and that in turn led to inaccuracies in
the PCA compared with the signal. In contrast,
since no centering was necessary for the equita-
ble transform (or the least squares transform),
they corresponded exactly to the signal. The top
panels of Fig. 7 show the inaccuracies associated
with the centering process (due to missing infor-
mation affecting the averages) while the bottom
panels illustrate the overall mismatch between
the PCA results and the signal.
The situation when noise is introduced is even

more dramatic. For the signal, we used the one
from the noise example 2 (Appendix S2) with 30
sequences (N) each of length 45 (M). An arbitrary
high level of noise (70% of the standard deviation
of the signal, rG = 0.7rS) was introduced. The
three transforms (PCA, least squared, and equita-
ble) were calculated and compared with both the
original data or signal + noise (L + G) and just
the signal (Fig. 8). Comparisons with the original
data (not shown) indicated that only the least
squares transform showed much bias with both
the other transforms being qualitatively similar.
When compared with the signal, the variation in
all the transforms was greatly reduced compared

Fig. 6. Standard deviations of the difference
between the separable signal described in Fig. 4 and
the original data, rI-L = rG, the equitable transform,
rT-L, the regression least squares transform, rTls-L, the
standard deviation of the row and column noise aver-
ages, rH, (solid lines), and the least squares standard
deviation due to the bias, rls, (dashed line). (a) Stan-
dard deviations listed above vs. the fraction of noise (f)
relative to the signal (rG = f�rL) with 150 rows and 100
columns. (b) Standard deviations listed above vs. the
length of the sequences in the data set (M = number of
rows) for a fixed amount of noise and columns
(rG = 0.5rL, 100 columns). (c) Standard deviations
listed above vs. the fraction of missing data (F) from
the 150 9 100 data set with rG = 0.5rL.
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to the signal + noise (Fig. 8a). Interestingly, how-
ever, the equitable transform showed little bias
(Fig. 8c) whereas both of the other transforms
showed significant bias but in opposite direc-
tions. The PCA transform (Fig. 8d) shows a bias
in the opposite sense to that found in the least
squares transform (Fig. 8b).

Long-term temperature variations.—A daily air
temperature (at 1.5 m) record from an automatic
climate station at Alexandra Fiord on Ellesmere

Island from 1986 to 2007 was used to determine
temperature changes at the site. The daily pat-
tern of temperatures should be replicated to
some extent each year. This repetition is ideally
suited to the equitable transform analysis as we
would expect daily temperature patterns to be
shifted each year and the daily variation to be
amplified or stretched for different years. The
long-term temperatures, W(n), (where n is the
total day number beginning in 1986) were

Fig. 7. Using data sets having missing data (47% (panels a and c) and 70% (panels b and d)) equivalent to
those found in Fig. 3, an equitable transformation gave a perfect correspondence with the signal. Comparisons
are shown with principal component analysis. Top panels (a and b): Centered values calculated from the incom-
plete data sets vs. the data with the complete signal. Bottom panels (c and d): Data constructs from principal
component analysis on the incomplete data sets compared to the signal data.
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reorganized into a function of two variables: year
(y) and day number, d (from 1 to 365). A function
g(d) is replicated each year and n can be written
as n = 365 ∙(y-1986) + d. The long-term tempera-
ture record can then be written as W(y:d) where
the colon symbol (:) is used to denote a separa-
tion of one parameter (time), into two scales. The
smaller scale (d) is replicated for each value of
the larger scale (y). A first step in the analysis of
W(y:d) is to determine whether this 2D data set
(in year and day number) takes the form W(y:
d) = f(y) g(d) + u(y). For example, if the summers
were colder than usual and the winters were
warmer than usual in a certain year, then f(y) and
the slope for that year (relative to some reference)
might be less than in a normal year. Alterna-
tively, if summer and winter temperatures
increase in a particular year, then the baseline
temperature (u(y)) and the intercept will be

greater than those values in a normal year. A
false color image of the original long-term tem-
perature data, W(y:d), shows the daily tempera-
ture measures repeat reasonably well each year
(Fig. 9a). A composite plot of all the years also
demonstrates the repetitive nature of the yearly
cycle (Fig. 9b) although there are evident differ-
ences between years. An equitable transform
applied to the data retains the portions of the
data that, with some scaling and shifting, fit the
annually repeated function g(d). With 365 time
points in each sequence and 222 correlated pairs
of sequences, the value for R2 was 0.87 and 1-
P = 1. As in the simulation cases, the transforma-
tion allows the gross trends to emerge more
clearly (Fig. 9c, d). These trends show an overall
warming during the 22-yr time interval as well
as a longer summer thaw period with tempera-
tures above freezing.

Fig. 8. Data transforms compared to the signal data for (a) original data or signal+noise, (b) least squares trans-
form, (c) equitable transform, and (d) a principle component analysis (first component) transform. Signal used is
the same as in Appendix S2: Fig. S1. Bias is evident in both the least squared transform and the principal compo-
nent analysis.
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Winter and summer warming rates
It was shown in Appendix S1 that the matrix

of equitable intercepts changes with the zero
value of the data set. This change of the zero
value is equivalent to shifting the x-axis and y-
axis (Fig. 2b). If a zero value (c) is chosen to cor-
respond to a temperature on a particular day
number, c = W(z:dc), for some reference year, z,
then the intercept matrix (from Appendix S1: Eq.
S5) associated with that zero is bðyÞcz = W(y:
dc) � c. That is, the yearly variation of the inter-
cept values describes the yearly temperature
variation (relative to the reference year) on the
day number when the temperature at the refer-
ence location equals c. In this case, these inter-
cepts represent changes relative to a particular
temperature (c) that is tied to a particular day
number based on the reference year z. Choosing
different zeroes for the temperature record at
Alexandra Fiord will show how temperatures
have changed over the last 22 yr in the different
seasons (Fig. 10). The different zero values will

also give different errors (Appendix S1) depend-
ing on the equitability of the system at that day
number (Fig. 10).
Fitting straight lines to the weighted intercept

values for temperatures of �27°, �20°, �15°, and
0°C gave significant correlations with probabili-
ties for no correlation of 0.0007, 0.0002, 7 9 10�5,
and 4 9 10�5, respectively. When the zero value
was set to �27°C, there was the greatest warm-
ing (1.8° � 0.4°C/decade). This warming trend
decreases to 1.6° � 0.3°C/decade at �20°C,
1.5° � 0.28°C/decade at �14.7°C, and
1.1° � 0.2°C/decade for 0°C. A decrease in the
equitable slopes from 1986 to 2007 was also
observed but was not significant. This decrease
in slopes, if real, would be associated with
greater warming in winter than in summer.

Changing length of summer season
Because stochastic fluctuations are for the most

part removed from the equitable transform and
the underlying seasonal pattern is emphasized, it

Fig. 9. (a) False color images of climate station temperature W(y:d), (b) daily temperature variations for W(y:d),
(c) the equitable transform T[W(y:d)] as a function of year (y-axis) and day number (x-axis), and (d) the equitable
transform T[W(y:d)] with each year color coded separately. Gray indicates data are missing.
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becomes possible to determine how long temper-
atures stay above 0°C each year (Fig. 11). The
equitable transform deals with the entire data set
at once, uniquely scaling and shifting the annual
daily temperature sequences but eliminating
fluctuations that do not follow the underlying
seasonal pattern temperatures generally fol-
lowed each year (i.e., the transform removes fluc-
tuations that do not fit Eq. 1). We determined the
first day and the last day of >0°C daily mean air
temperatures from the equitable transform for
each year and found a strong trend toward
longer summers in later years (Fig. 11). Spring-
time thawing temperatures arrived earlier by

about 9 d and autumn freezing arrived later by
10 d, indicating the growing season has length-
ened by 19 d over 22 yr. The linear fits had P-val-
ues of 3 9 10�4 and 4 9 10�5, respectively, for
spring and fall.

Spatial temperature patterns
The spatial structure of temperature (from

June to August) across the lowland at Alexandra
Fiord was recorded in 2000 and again in 2010
using 30 temperature sensors located in a sys-
tematic grid pattern across the 7-km2 lowland.
Combining the spatial structure with the long-
term temperature record measured at one

Fig. 10. Relative to the reference year = 2002, several different long-term trends for day numbers associated
with the following temperatures: (a) �27°C (slope = 1.8° � 0.4°C/decade, n = 18, P-value = 0.0007); (b) �20°C
(slope = 1.6° � 0.3°C/decade, n = 18, P-value = 0.0002); (c) the average temperature = �14.7°C
(slope = 1.5° � 0.28°C/decade, n = 18, P-value = 7 9 10�5); and (d) 0°C (slope = 1.1° � 0.2°C/decade, n = 18, P-
value = 4 9 10�5).
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location for the last 22 yr, we have a data set W
(x, y:d) where x represents the spatial locations
where temperatures were recorded. If c repre-
sents the location of the long-term climate sta-
tion, then we know W(c, y:d), W(x, 2000:d), and
W(x, 2010:d). Using these data, we determined
that the daily variation in temperature in year
2000, W(x, 2000:d), followed the same overall
trend at all 30 temperature sensors and thus
could be reasonably represented by Eq. 1. This
result indicated a time-independent spatial struc-
ture of temperature in the year 2000 represented
by the transform T2000[W(x, 2000:d)]. Northerly
areas near the coast were consistently cooler and
more moderated than the inland areas near gla-
ciers. Based on the year 2000 spatial structure,
the 2010 spatial temperatures, W(x, 2010:d), were
predicted from the long-term climate station data
for the year 2010, by assuming the spatial equita-
ble matrices remained unchanged from 2000 to
2010 (W(x, 2010:d)~T2000[W(c, 2010:d). Compar-
ing 2010 data with predictions, we found that,
indeed, the spatial structure of temperatures
remained mostly unchanged through time. The
exception to this correspondence was an area in

the central part of the lowland where 2010 tem-
peratures during the summer were consistently
about 3–4°C warmer than expected based on pre-
dictions inferred from the 2000 equitable system.

Tundra plant phenology as an equitable system
A long-term phenology data set of White

Mountain Avens (Dryas integrifolia) was recorded
at Alexandra Fiord, Ellesmere Island between
1993 and 2009. We explored whether or not it
was an equitable system and found that plant
phenological cycles in the Arctic appear to be
reasonably approximated using Eq. 1. We can
rewrite Eq. 1 as

tiðnÞ ¼ figðnÞ þ ui; (8)

where ti(n) represents the day number of a given
event (n) for an individual plant (i). The function
g(n) is some general phenological curve involv-
ing events from n = 1 to n = N (e.g., new leaf fre-
quently corresponds to the first event n = 1).
Eq. 8 can be reformulated as an equitable system
as

tiðnÞ ¼ air � trðnÞ þ bir: (9)

In such an equitable phenology system, a lin-
ear relation exists between individual plants
where the cycle of their events is scaled and off-
set in much the same manner as given in Fig. 1b.
A variety of phenology rates could occur with
larger equitable slopes indicating slower progres-
sion through phenology stages. This actually is
the case for many of these Arctic plants at
Alexandra Fiord. Using 227 plant phenology pro-
files (including an average profile) from a dry-
mesic site, the R2 value was 0.82 with a 1 � P
value of 0.98. Convergence of the matrices
occurred in two iterations.
The equitability of the data set is illustrated in

Fig. 12 for two D. integrifolia plants relative to a
1996 reference plant. The slopes in the graphs of
Fig. 12 describe the rate a plant progresses
through the phenology stages. Plants with larger
slopes (e.g., the 1993 plant Fig. 12a) indicate
slower progression through phenology stages
compared to the reference plant selected. The
1997 plant in Fig. 12b shows an earlier start time
and a faster progression than either of the other
two plants. It is difficult to convey the complex-
ity of all of the relationships as there are ~25,000
separate relationships between the various plants

Fig. 11. Day numbers of the first day (open circles)
and last day (solid triangles) with air temperatures
(1.5 m) above 0°C as a function of year. Linear fits show
a longer growing season by 19 d over a 22-yr period.
(nfirstday = 18, nlastday = 18, P-valuefirstday = 3 9 10�4,
P-valuelastday = 4 9 10�5).
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but it is significant to note that the phenology of
this Arctic plant and perhaps plants in general
can be viewed in this new perspective. A simple
illustration of the usefulness of this view is
shown in Fig. 13. It illustrates the long-term vari-
ation of the slope (relative to the average profile)
for the years from 1993 to 2009. Plants proceeded
more rapidly through their phenological stages
in the later years in conjunction with the warmer
temperatures described in the previous section.

DISCUSSION

We have shown that a relatively simple con-
cept of linearly fitting all possible pairs of
sequences can be modified from linear regression
fits to equitable slope and shift matrices that
show little bias relative to both the original data
and an underlying signal. Using an equitable
transform, variations between sequences can be

retained and attributed to an underlying function
pervading the entire data set. One sequence in a
system can be transformed equitably to any other
sequence. This method keeps the individuality of
each sequence intact while partitioning the data
into noise and an underlying function that takes
the form of Eq. 1. Averaging ignores systematic
changes and individuality that may or may not
be occurring within a two-dimensional data set.
Rather than assuming that the multiple
sequences are identical (except for noisy varia-
tions), a more general assumption is that they
can be scaled and shifted relative to each other.
By determining the details of this scaling and
shifting, the relationships that exist between the
multiple sequences that make up the data set can
be determined. Thus, the individual character of
each sequence can be retained while describing it
in terms of the other sequences and an underly-
ing base function. This is the essence of equitable

Fig. 12. Phenology of two D. integrifolia plants (a) year 1993 and (b) year1997 from a dry-mesic site at Alexan-
dra Fiord plotted against a 1996 reference plant. The colored points are the raw data, and the solid squares with
error bars correspond with the equitable model. The error bars represent the standard deviation of the model
value based on all other plants generating that value. The dotted line shows the reference plant plotted against
itself. Phenological stages are colored as in the legend. (Lv_New = First new leaf, Fl_Bud_F = First flower bud,
Lv_Mat = First mature leaf, Fl_Bbk_F = First flower bud break, Fl_Bud_L = Last flower bud, Fl_Mat_F = First
mature flower, Fl_Bbk_L = Last flower bud break, Fl_Mat_L = Last flower mature, Fl_Sen_F = First flower
senescence, Fl_Sen_L = Last flower senescence, Cap_F = First twisting of the awns, Cap_L = Last twisting of the
awns, Lv_Sen = First leaf senescence, Sd_Disp = First seed dispersal).
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transformation. When systematic changes are
not occurring, the equitable slopes and intercepts
cannot be distinguished from 1 and 0, respec-
tively. The transform would then devolve into a
simple arithmetic weighted mean (i.e., Eq. 7 with
all ayx = 1 and byx = 0).

An equitable two-dimensional data set of M
rows (e.g., time or event number) and N columns
(e.g., space or individual) results in M 9 N
points whose large-scale pattern is described by
Eq. 1. The equitable matrices A and B each
require at most N parameters to construct them
(from f(x) and u(x)). The other function, g(t),
needs at most M parameters, and no more than
2N + M parameters are required to describe this
equitable system. These parameters in turn could
be approximated via other standard techniques
further compressing the required number of
parameters.

Ordering and discontinuity of data
Data analysis techniques (e.g., spectral analy-

sis) often have assumptions regarding the

continuity/ordering of a sequence and/or the
data sampling frequency. The prevalence of such
techniques means that data sets based on contin-
uous functions or ones in which data points are
assumed to be contiguous are usually used to
test a given technique. On the other hand, the
equitable transform (similar to principal compo-
nent analysis) is not limited by discontinuity con-
siderations, can deal with high frequency
patterns, and the component parts do not need
to be contiguous. A data set could be formed by
randomly scrambling the indices (x and t). The
new data set would look discontinuous at most
points, and few of them would be contiguous.
Imagine, for example, randomly scrambling the
x and t indices in Fig. 4. The analysis of either
this discontinuous data set or the one in Fig. 4
would give identical results (subject to the
reordering of course). For the equitable trans-
form, low frequency patterns are not simpler or
easier to analyze than other configurations. This
arbitrary ordering of rows and columns also
means that N locations, in the case of a spatial
variable, x1, x2,. . ., xN, can be randomly dis-
tributed on a two-dimensional surface. These
points define the function f(x) in Eq. 1. A regular
grid is not required and neither is equal spacing
because the ordering of the spatial locations is
irrelevant for the transformation. This property
makes it ideal as a technique when the x variable
in question is not contiguous or linked in a sys-
tematic way. In this, it resembles PCA.

Principal component analysis, least squares, and
equitable transformations
The results from comparing the equitable

transform, the PCA transform, and the least
squares transform are summarized in Table 2
(For the equitable and least squares transforms,
centered values are not required and are simply
correct after the transforms have been con-
structed whereas, for the PCA transform, the
centered values are found pre-transform and
affect the transform itself). Neither the PCA
transform or the equitable transform show bias
with respect to the original signal + noise while
the least squares transform does. Both the PCA
transform and the least squares transform do
show bias with respect to the original signal
whereas the equitable transform does not. As
well, missing information can adversely affect

Fig. 13. Equitable slopes (relative to the average) of
the D. integrifolia phenology system plotted against the
year (1993–2009). The blue line is the regression fit,
and the thin black lines represent 95% confidence
intervals. The equitable system was determined from
227 individual D. integrifolia plants from a dry-mesic
site at Alexandra Fiord between 1993 and 2009. Note
that an increase in the equitable slope represents a
decrease in the phenology rate.
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PCA results even in the absence of noise whereas
no such problem was seen for either the least
squares transform or the equitable transform.
The PCA and equitable transforms are applicable
to somewhat different circumstances.

Principal component analysis generates eigen-
vectors representing the data whereby the first
component minimizes the variance between it
and the original data (Wold 1966). The data need
to be centered before the analysis will be effec-
tive. It is ideally used when more than one set of
attributes (x) are recorded for many replicates (t)
and when multiple competing processes are in
play. In contrast, the equitable system consists of
a single trait measured in multiple states for indi-
viduals each having their own sensitivity to the
conditions. The equitable system is associated
with a single eigenvector dominating a data set
and no centering being performed beforehand.
The equitable matrix having a rank of 1 (Eves
1980) is related to a single eigenvector associated
with f(x). The two techniques operate under very
different assumptions and should not be con-
fused with each other.

When to use the Equitable Transform?
Ideally, the transform should be applied when

there is a theoretical reason to believe the data
set has the form of Eq. 1. Partial differential
equations often have solutions that involve sepa-
rable functions of the form in Eq. 1. For example,
diffusion processes can be used to model popula-
tion dispersal (Levin 1992) and can take on a sep-
arable form. These processes are also used
extensively to model the transport of water
through different soil types (Nielsen et al. 1997,
Timm et al. 2004, Reichardt et al. 2010). In latter
case, the relation between distance travelled (x)

and time (t) for the water content profiles follows
just such an equitable form, x = f(i)�t1/2, and was
used by Reichardt et al. (1972) to determine
dimensionless scaling between some arbitrary
reference soil (R) and other soils (i). In the context
of the equitable system, their dimensionless ratio,
k, was the square of the ratio f(i)/f(R). This ratio
would the equitable slope matrix element
between soil i and soil R found by analyzing the
data set of spatial profiles, x(i, t) = f(i)�t1/2. The
ratio, f = x/t1/2, is the Boltzmann transformation
that is used to make soil profiles essentially
equivalent to each other (Nielsen et al. 1997).
More generally, this transformation is used to
simplify a differential equation in two variables,
x and t, to one involving only a single variable f.
The equitable transform can be applied in cases
where Boltzmann-like transformations are useful
to convert between similar media, since it allows
the conversion of one commodity to another via
an equitable exchange.
If no theoretical reason is known for applying

the transform, the process of changing least
squares slope and intercept matrices into their
equitable equivalents will help determine if the
system is equitable. In practice, 2–4 iterations are
required for the convergence of the slope matrix
into its equitable equivalent and 1–3 iterations
are required to transform the intercept matrix
into its equitable form. More than this number of
iterations is an indication convergence will either
not occur or is inaccurate. Combining this infor-
mation with the average value, R, the error bars
of the transform and individual coefficients of
determination allow the rapid identification of
poor data and whether or not the system has a
large-scale pattern consistent with Eq. 1. The cal-
culation of the transform also allows errors to be

Table 2. A comparison of the variance and bias from the equitable, least squares, and principal component analy-
sis (PCA; non-linear iterative partial least squares [NIPALS]) transforms using the data shown in Figs. 12, 13.

Variance (T � I) Equitable T Least squares T PCA (NIPALS) T

I = S, T(S) 0 0 0
I = S, T(S + NA) 0 0 Significant with little bias
I = S + N, T(S + G) Small with little bias Significant bias Dominated by Slope < 0 Small with little bias
I = S, T (S + G) Small with little bias Significant bias Dominated by Slope < 0 Significant bias Dominated

by Slope > 0
I = CV, CV(S + NA) 0 0 Significant with little bias

Notes: S, Signal; G, Noise; NA, Missing data; CV, Centering values; T, Variance of residuals is the difference between trans-
form; and I, Data.
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estimated at each point that reflect how well the
system acts as an equitable one. This is important
in evaluating which, if any, of the sequences are
equitable with respect to each other and allows
the researcher to potentially identify these outlier
sequences. When a PCA analysis indicates the
dominance of one principal component (or is lin-
ear with respect to two components), then the
equitable transform can be used to more accu-
rately extract that component since it does not
involve the centering of data and explicitly
requires the sequences to be linked in an equita-
ble way. The errors associated with the resulting
transform enable a researcher to accurately eval-
uate the extent to which the sequences and
points in the transform are truly equitable. These
errors will therefore help identify sequences dif-
ferent from the other more equitable sequences
that are either contaminated by noise or simply
inappropriately linked with the others.

The equitable transform can be used to prepro-
cess data in order to determine underlying pat-
terns prior to the application of other techniques
such as spectral analysis so that the underlying
spectra of the pattern can be more easily deter-
mined. Elphinstone et al. (1988) have shown
examples of the effectiveness of equitable matri-
ces in finding underlying signal frequencies
within noisy data, and similar results will occur
using the equitable transform itself.

Different forms of equitable transform: no
diagonal/diagonal, zero, and average

The equitable transform can be calculated in
somewhat different forms depending on the end
goal of a researcher. Table 3 lists some of these
options. Including the diagonals of these matri-
ces in the transformation (Eq. 7) will result in the
inclusion of the data at a particular location to be
used in the calculation of the transformed value.
There may be circumstances where it is prefer-
able to determine the results purely due to other
individuals/locations. As well, there are circum-
stances when one might want to know the rela-
tionships of all sequences relative to some
average sequence (or not if that average sequence
is all zeros). This is useful as it allows the average
profile to substitute for the entire data set in
some other multilevel system (see below). Alter-
natively, already having the transform matrices,
it may be desirable to calculate a data set based

on limited observations scattered over one or
more values of x and new values of t (similar to
what was done in determining temperatures in
2010 from those in 2000). The value of the
equitable transform for prediction in this way
still needs investigation.

Multilevel systems of equitable transforms
We have seen that the spatial and long-term

structure of the temperatures could be described
with equitable transforms in two different ways.
One transform partitioned time into a two-di-
mensional structure in variables year and day
number. A second transform related the spatial
structure to day number. Predictions were made
by combining these two transforms, and it was
found that modifications to the spatial structure
of the temperatures occurred between the year
2000 and 2010 at the Arctic research site. As well,
because each system can be exactly described by
the matrices and a single average reference
sequence, systems at different scales can in prin-
ciple be linked together through their average
profiles. The averages at each scale provide a
new set of sequences upon which a new equita-
ble system can be constructed. This implies a
profoundly different view of how patterns at dif-
ferent scales can be combined in a manner some-
what reminiscent of fractal systems.

Table 3. Software implementation of the equitable
transform has the options listed below.

Options Details/usefulness of options

Include/Exclude
Diagonal

Use of diagonal elements implies the use
of data at a location to contribute to
transformed values at that same
location

Include/Exclude
average column

Use of the average profile implies an
additional “column” profile in the
equitable calculation. This is useful only
if it is nonzero. Including it gives a
profile with less error that can be used
to link this system to other larger scale
equitable systems

Limited elements,
Single reference,
all elements

Once the matrices are constructed,
limited elements either distributed over
many columns or limited to a single
reference can rebuild the entire system

Zero value Changing the zero of the data enables
the shift matrix to be used to show
variations relative to that zero value

Notes: The options allow the transform to be run under
different conditions. The conditions for each option are
described.
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Equitable transforms can be applied to life
cycles such as phenology patterns which can be
imagined as stretched or offset cycles of generic
events to characterize individual cycles. In this
case, the phenology patterns between many
plants of the same species are complex but the
underlying principle of a cycle simply being
stretched and offset is a simple one precisely
described by the equitable system. We found
through this method that plants are progressing
through their entire phenological cycle more
rapidly in recent years than in the early 1990s.
Other techniques that focus on one or two events
in the cycle cannot make firm conclusions about
the behavior of the entire cycle as is possible here
through the determination of slope in the equita-
ble system. This rapid progression corresponds
with the warming trend found at this location
also through this method and may relate to
observations by Høye et al. (2007) of Dryas
plants having shorter pre-floration intervals in
warmer average temperatures. The application
of this principle to phenology may be very useful
in other ways as well. It will allow us to investi-
gate the synchronicity of stages in plant develop-
ment.

In principle, the equitable transform may be
applicable in many other situations involving
two variables in which the variables are not con-
tiguous. For example, it may be applicable when
comparing the frequencies of codon and amino
acid sequences between multiple organisms since
this system can be thought of potentially as a set
of stretched and offset frequencies relative to
some reference sequence.

CONCLUSIONS

A technique has been outlined that retains
individuality of sequences by describing each
sequence through the scaling and shifting of a
general underlying function. The equitable
transform can fill in missing data and partition
a two-dimensional data set consisting of noise
and an underlying signal of the form in Eq. 1
into a function describing the signal and the
residuals which are similar to the original
noise portion of the data set. Importantly, in
contrast to techniques such as principal com-
ponent analysis, it describes the system in such
a way that the sequence or pattern of any

individual can be used to determine all the
other individuals.
Many data sets are missing some data or con-

tain some values that were recorded incorrectly.
The equitable technique can approximate these
missing data and identify outliers based on the
general underlying pattern defined by all the
sequences in the data set. Slope dilution bias is
avoided using the equitable technique. This bias
normally occurs when running linear regression
fits on a data set that has error in the indepen-
dent variable. It results in inaccurate slopes (and
thus predictions) due to the noise in the system.
Using the equitable technique, terms used in the
calculation of regression slopes approximately
cancel out, and as a result, one can obtain slopes
implied from the large-scale pattern of Eq. 1 and
that have the properties of an equitable matrix.
The equitable shift (intercept) matrix allows the
conversion between different origins of the sys-
tem.
Application of this equitable transform to

long-term temperature data on Ellesmere Island
showed winters were warming faster than sum-
mers. We determined that winter temperatures
have warmed by 1.8° � 0.4°C/decade and sum-
mer temperatures by 1.1° � 0.2°C/decade from
1986 to 2007. The thaw season above 0°C has
extended by 19 d over the 22 yr from 1986 to
2007. A two-level equitable system was found
to reasonably describe the daily temporal varia-
tions extending over a twenty-year time period
covering several square kilometers for the years
2000 and 2010. Patterns of phenology in D. inte-
grifolia indicate that phenology events follow
this principle of equitability and indicate that
the rate of progression through phenological
events has increased as the climate warms.
Applying this principle to plant phenology as
either single or multilevel equitable systems
may help us better understand phenomena
such as the synchronicity of flowering.
Researchers are invited to use the equitable
transform package given at the end of the
Methods section to investigate their own real or
simulated data sets.
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