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1 Abstract

The distribution of pollen dispersal distances sets the
scale for plant population dynamics. A useful approach
for inferring the distribution dispersal distances is to in-
fer the distances between mates by paternity or parent-
age reconstruction. This is most powerful when in-
formation about multiple properties or data types are
inferred in a joint analysis. We describe an approach

to jointly infer paternity, sibling relationships and pop-

ulation parameters, with the example of the pollen
dispersal kernel in a natural population of the yellow-
flowered Antirrhinum majus striatum and the magenta-
flowered A. m. pseudomajus. Pollen dispersal is lep-
tokurtic, with half of mating events occurring within
30m, but with a long tail of mating events up to 747m.
We also find tentative evidence that fathers tend to
be to the East of mothers, indicating that there is a

bias in pollen dispersal from A. m. pseudomajus into
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A. m. striatum. The scale of pollen dispersal is large
enough that pollinators should encounter the full range
of hybrid phenotypes in the hybrid zone, and would
be sufficient for any pollinator-mediated selection to

influence male or female fitness.

2 Introduction

Knowledge of the distribution of dispersal distances
organisms or gametes travel during their lifetimes aids
our understanding of natural populations because it
sets the scale at which populations vary (Cain, Milli-
gan, and Strand, 2000). For example, dispersal may
enhance the response to selection by increasing genetic
variance, may inhibit local adaptation via swamping by
maladapted alleles, or alleviate inbreeding with nearby
relatives (Kremer et al., 2012). Of particular interest
is both the average distance travelled and the shape of
the dispersal distribution. In plants, dispersal is often
characterised by leptokurtic or ’fat-tailed’ distributions,
where dispersal is most likely to occur over short dis-
tances, but there is a long tail of long-range dispersal
events (Clark, 1998; Austerlitz et al., 2004; Bullock et
al., 2017). This leptokurtosis allows much more rapid
dispersal than would be suggested by the average dis-
persal distance alone, with long-range migrants having
a disproportionate effect on the spread of adaptive al-
leles (Clark, 1998; Cain, Milligan, and Strand, 2000).
We thus aim to accurately characterise the shape of

dispersal distributions in natural populations.

A key tool for inferring dispersal is to infer the pedi-
gree of relationships between individuals based on ge-
netic information from parents and offspring, because
this gives a direct estimate of the distances between

mates (Adams, Griffin, and Moran, 1992; Cain, Milli-

gan, and Strand, 2000; Austerlitz et al., 2004; Pember-
ton, 2008). Pedigree inference is most successful when
as much informative data as possible can be included
in a joint analysis, such as from shared alleles between
siblings, or phenotype information (Neff, Repka, and
Gross, 2001; Wang, 2007). Dispersal is a clear example
of this. For example, one approach would be to infer a
pedigree ignoring spatial information, then measure
the distances between mates, assuming the pedigree
to be correct. This would overestimate average dis-
persal, because any candidates erroneously inferred
to be parents will tend to be further apart than real
parents. Alternatively, one might first infer the distribu-
tion of dispersal distances using a non-genetic approach
such as mark-recapture, then use this as a prior to in-
form pedigree inference. This would underestimate
dispersal, because such methods tend to miss dispersal
events over longer distances. By inferring pedigree
relationships and dispersal jointly we can incorporate
the information each has about the other and improve

inference of both.

Several methods exist for the joint inference of
parental relationships and other parameters. Various
approaches have been described to jointly infer sibling
relationships with the parentage or paternity of those
sibships (e.g. Emery et al., 2001; Thomas and Hill,
2002; Jones et al., 2007; Wang, 2004; Anderson and
Ng, 2016; Huisman, 2017). Another approach is to
include data about other biological parameters that
might influence mating, such as relevant phenotypes
or spatial information (Neff, Repka, and Gross, 2001;
Hadfield, Richardson, and Burke, 2006). This is espe-
cially appealling because it allows us to directly address
biologically relevant relationships between traits of in-

terest and mating patterns. These approaches typically
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rely on an iterative algorithm such as simulated anneal-
ing or Monte-Carlo Markov chains (MCMC) to explore
different pedigree structures. This is time-consuming,
especially for large samples, and there is no guarantee
that the full space of plausible pedigree structures can
be explored. Moreover, we currently lack a framework
for utilising all three sources of information - parent-
age, sibships and population parameters - in a single
joint analysis.

We previously described a package Fractional Analy-
sis of Paternity and Sibships (FAPS) to jointly infer of
paternity and sibships (Ellis, Field, and Barton, 2018),
which we here extend to include inference of popu-
lation parameters. FAPS considers the probability of
paternity of each offspring as a probability distribution
over all candidate fathers simultaneously, and identi-
fies and compares plausible sibling relationships. In
this way we can fully account for the uncertainty in
paternal and sibling relationships in a few seconds,
obviating the need to update pedigree relationships
iteratively. In this paper we describe how to include
non-genetic information into the FAPS procedure, and
use MCMC to update parameters for those data to
jointly infer paternity, sibships and population param-
eters. We then apply this to the inference of the pollen
dispersal distribution in a hybrid-zone population of

the snapdragon Antirrhinum majus.

3 Materials and Methods

3.1 A. majus data

3.1.1 Study population

We examine a hybrid zone population of the snap-
dragon Antirrhinum majus in the Spanish Pyrenees.

Here, the yellow-flowered A. m. striatum and the

magenta-flowered A. m. pseudomajus meet and hy-
bridise to produce diverse recombinant phenotypes,
including pink, white and orange flowers. The popula-
tion grows along two parallel roads running East-West
close to Ribes de Freser (figure 1). The 'lower’ road is
at 1150-1200m above sea level, whilst the "upper’ road
climbs 1250-1500m, and is 500-1000m north of the
lower road. Hybrids are mostly confined to a 1km ’core’
hybrid zone, with A. m. striatum- and A. m. pseudoma-
jus-like plants becoming dominant to the West and East
respectively. We surveyed as many flowering plants as
we could find in June and July of 2012 (n=2124), and
collected information on flower number and location
using a Trimble GeoXT datalogger. We collected two to
three leaves for DNA extraction and dried these in silica
gel (Fischer Scientific). A. majus grows in disturbed
habitats such as roadsides and railways; they are rare
in the established forest and pasture between the two
roads, on the north-facing slope to the South, and on
the high mountain peak to the North of the two roads
(figure 1. It thus is likely that we sampled the majority
of the plants that flowered during the study period,
although we cannot exclude that some flowering may

have occurred before or after this.

Pollination is carried out exclusively by large bumble-
bees and carpenter bees who are large enough to open
the flowers (Vargas et al., 2010; Andalo et al., 2019). A.
majus has a gametophytic self-incompatibility system,
and self-pollinated seeds are very rare (Surendranadh
et al., 2022). There are no detectable post-zygotic bar-
riers between A. m. striatum and A. m. pseudomajus

(Andalo et al., 2010).

In August 2012 we collected a single, mature, wild-
pollinated fruit from each of 60 mothers (figure 1). In

order to minimise disturbance to the population we
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Figure 1: Map of the hybrid zone. The map shows the distribution of maternal plants, inferred pollen donors and remaining plants
along the lower (South) and upper (North) roads. Only pollen donors for families with one or more offspring are shown.

only sampled from plants which had set a minimum
of five mature fruits. These mothers were chosen to
represent an even sample of pigmentation genotypes,
spread as evenly as possible across the core of the hy-
brid zone where hybrids are most dense, resulting in
10 A. m. striatum-like, 17 A. m. pseudomajus-like, and

33 hybrid-phenotype mothers.

3.1.2 Genotyping

We grew seeds in 5cm plug trays filled with potting
compost (Gramaflor) in a greenhouse under Sylvania
GroLux lights on a 16-hour cycle. We sowed three
seeds per plug for 50-70 plugs per maternal family
and thinned seedlings to a single seedling per plug
after cotelydons had appeared. We transferred approx-
imately 1cm? of fresh tissue from 1419 seedlings to
96-well DNA-extraction plates (LGC Genomics, Berlin)

and allowed tissue to dry using the sample bag and

silica gel provided. For parental tissue from the hy-
brid zone we transferred approximately 1cm? tissue
dried in the field to the same plates. DNA extractions
of the plated tissue samples were carried out by LGC
Genomics.

We genotyped tissue samples at 71 SNPs by KASPR
sequencing (LGC Genomics). These SNPs are a sub-
sample of a panel used for a wider survey of the hybrid
zone (Surendranadh et al., 2022). The total SNP panel
is a mixture of diagnostic (showing a gradient in al-
lele frequency across the hyrbid zone) and parentage
(with as even a gradient in allele frequency as possible)
SNPs. Previous work identified the per-locus genotyp-
ing error rate in these data to be approximately 10*
(Surendranadh et al., 2022). For parentage loci we
chose only biallelic loci with a minor-allele frequency
greater than 0.3 in each of inner four pools closest
to the centre of the cline, selected to be at least 2cM

apart. Diagnostic SNPs were either linked to pigmenta-
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tion loci, or else showed sharp clines across the hybrid
zone. We removed 474 offspring and four adults that
had missing data at more than 7.5% of the SNPs. We
also pruned 7 SNPs that showed more than 10% miss-
ing data, or less than 15% heterozygosity. This left us
with a set of 984 offspring from 60 maternal families,
with between two and 29 offspring per maternal family

(mean=16.4).

3.2 Joint estimation of paternity, sib-

ships and dispersal

3.2.1 Probability model

We begin with observed SNP marker data M for moth-
ers, offspring and candidate father, and a matrix D of
Euclidean distances between mothers and all possible
candidate fathers, as well as estimates ¢ of the propor-
tion of candidate father sampled, and the per-locus
genotyping error rate 7. From this we wish to infer
pedigree P describing sibling, paternal and (known)
maternal relationships, and vector 6 of dispersal pa-

rameters. The full probability model is then

Pr(P,6|M,D, q,n) o< Pr(M|P,D, q,6,7) Pr(D|6, P)
Pr(0) Pr(P) Pr(n)

€3]

In the following sections we outline how to extend
our existing method for inferring sibships and paternity
to include data from non-genetic covariates, a model
for pollen dispersal, suitable hyperprior distributions
for dispersal parameters, and a procedure to infer the

posterior distribution of the parameters of interest.

3.2.2 Allowing for covariates in paternity infer-

ence

We have previously described a Python package FAPS
which performs joint analysis of paternity and sibship
relationships for sibling arrays based on SNP data, and
allows for integrating out uncertainty in relationships
(Ellis, Field, and Barton, 2018). Here we extended the
software to allow for additional non-genetic informa-

tion to be included.

FAPS begins with marker data for one or more ma-
ternal families composed of a mixture of half- and
full-siblings, the known mother of each family, and
an array of candidate fathers. Ellis, Field, and Bar-
ton (2018) described a method to infer sibling and
paternity relationships in those individuals; we refer
the reader to that paper for the full details, but review
the most important aspects here. FAPS uses marker
data M to build matrix G of probabilities of paternity
based on Mendelian transition probabilities for each
maternal family. G has a row for each offspring and
a column for each candidate father, where element
gij is the probability that candidate j is the father of
offspring i given marker data, an estimate of genotyp-
ing error rate 7, and an estimate of the proportion of
missing candidate fathers ¢q. Rows in G sum to one,
and describe a multinomial distribution of probabili-
ties of paternity over all candidate fathers. The final
column of G is the probability that the father of each
offspring was missing from the sample of candidates,
based on the probability of observing offspring alleles
from population allele frequencies, and an estimate
of the proportion of possible pollen donors in the pop-

ulation that had been sampled. FAPS then builds a
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similarity matrix whose ih™ element is the likelihood

%7 9ij9n; 2
that the i™ and j offspring are full siblings by sum-
ming over the probabilities that they share any one of
the F' fathers. The similarity matrix is used to perform
hierarchical clustering to identify plausible ways to par-
tition offspring into families of possible full sibships,
and the likelihood of each partition structure is esti-
mated by Monte-Carlo simulation. The likelihood that
candidate father j is the father of putative full sibship
k is then

117 9; 3)

for all n offspring in k. FAPS returns a vector of prob-
abilities (which sum to one) that each candidate is
the father of sibship k, or that the true father was
not sampled. This is done for each plausible partition
structure. This gives a distribution of possible partition
structures and their likelihoods, and a distribution of
paternity probabilities for each putative family within

each partition structure.

We can incorporate non-genetic information about
paternity using a suitable function relating those data
into probabilities of paternity. In principle this can be
done for any kind of data for which there is a suitable
function relating the observed data for a set of can-
didate fathers to a probability of having mating with
each mother, given a set of parameter values for that
function. The goal is to find parameter values that
best explain the data. For example, a standardised
continuous phenotype z could be modelled with the
logistic function 1/(1 + ¢*), where 3 describes the
relationship between ~ and male fertility. A categorical

phenotype can be modelled as a multinomial vector

of probabilities that sum to one. In this study we use
matrix D of Euclidean distances between mothers and
candidate fathers as a covariate, and model the proba-
bility Pr(d,,;|0) of a mating event occurring between
mother m and candidate j who are distance d,,,; apart,
based on a suitable model of pollen dispersal (see be-
low). It is then straightforward to incorporate this into

the procedure outlined above by modifying eqn. 2 to

S Pr(dm;10) 9 9n; )

and eqn. 3 to

Pr(dpm 0117 g: (5)

Eqn. 5 can then be used to estimate the likelihood of
the partition structure by Monte-Carlo simulation, as
previously described by Ellis, Field, and Barton (2018).
For a given set of dispersal parameters in 6 the like-
lihood of the whole maternal family is then the sum
of likelihoods for each possible partition. When there
are multiple maternal families, the likelihood of the
whole dataset given 6 is the product of those likeli-
hoods over each maternal family. When we update 6,
this likelihood will change, giving us a way to compare
likelihoods of different dispersal parameter values and
identify those most consistent with the data.

A special case arises when it is known that offspring
are unrelated, or that sibship structure is otherwise
known. In this case the likelihood of the data can be
calculated by summing the likelihoods of paternity
for each candidate father on the k** full-sibship, and

multiplying over all K full sibships:
I X5 Pr(dog|0)1T} 35 (6)

This obviates the need for likelihood estimation by

Monte-Carlo simulation.
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3.2.3 Pollen dispersal distribution

A useful function for describing plant dispersal distri-
butions is the generalised normal distribution (Clark,
1998; Nadarajah, 2005; Kremer et al., 2012). This
is a generalisation of the exponential family of proba-
bility distributions and includes the exponential and
standard normal distributions as special cases, but al-
lows for fat and thin tails. It is commonly used to
model plant dispersal distributions because these are
often found to show clear kurtotis (e.g. Austerlitz et al.,
2004; Robledo-Arnuncio and Gil, 2005; Klein, Desassis,
and Oddou-Muratorio, 2008; Burczyk, Sandurska, and
Lewandowski, 2019; Field et al., 2011; Ottewell et al.,
2012). The generalised normal distribution describes
the probability of observing dispersal distance d given

scale parameter a and shape parameter b:

d

Pr(d|a,b) = Ke(~ &)’ 7)

where K is normalising constant b/[2aI'(1/b)] and T
is Euler’s gamma function. The function takes the
forms of the standard exponential when b = 1 and
normal distribution when b = 2. Values of b < 1 reflect
leptokurtic distributions with tails that decay more
slowly than would be expected under the exponential
distribution. Using 6 = a, b, this provides a convenient
function for calculating Pr(d,,,|0) because it allows for

a long tail of long-distance migrants.

Sometimes it may be that an unrelated candidate
has a similar or higher probability of paternity of one or
more offspring simply due to stochasticity in Mendelian
sampling. Whereas true fathers are expected to be (on
average) close to the mother, other candidates should
be drawn at random from the population. This will

inflate the apparent kurtosis in the data and bias b

downwards. To accommodate this we modify 7 to
model dispersal as a mixture of a generalised-normal

and a uniform distribution:

1- A
Pr(dp;la, b, \) = AKe—8)" 4 =2 8)

where F' is the number of candidate fathers and A
is a mixture parameter determining the proportion
of the probability mass due to ’real’ dispersal. The
uniform part of this mixture allows for signal coming
from incorrect candidates without requiring the ’true’
dispersal kernel to be unnecessarily leptokurtotic. A
also provides an approximate estimate for what the
rate of false-postive assignment to medium- and long-
distance candidates would have been if this had been
ignored.

It is common to also report the mean dispersal dis-
tance as the square root of the variance of this distri-
bution as

a2T'(3/b)

T(1/) ©)]
(Nadarajah, 2005). We prefer to focus on median dis-
persal distances because this is more intuitive for highly
skewed distributions, and also to estimate this on re-
alised inter-mate distances rather than on parameters
alone (see "Inference of mating patterns"). We never-

theless report this and how it relates to the effect of A

on results.

3.2.4 Priors for dispersal parameters

We require prior distributions for dispersal parameters
a, band M.

We used a log-normal prior for b (Inb ~ N(u =
0,0 = 0.5). This model allows for a range of shape val-
ues reflecting leptokurtosis to Gaussian dispersal, but

is skeptical about very strong over- or under-dispersion
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in the dispersal distribution because prior probabilties
approach zero as b approaches 0 or 3 (figure S1). We
used a Gamma prior for a because this describes pos-
itive continuous values, and because it is conjugate
with the variance parameter of a Gaussian distribution.
Because the effect of ¢ depends on b and has no in-
tuitive biological interpretation itself, we used prior
simulations to choose a suitable parameterisation for
a. We first simulated 10000 pairs of values for a and b
from Gamma and log-normal distributions respectively.
We then used each pair of simulated values to parame-
terise a generalised normal distribution, and simulated
1000 dispersal distances from that distribution, and
visually examined the distribution for biological plausi-
bility. We chose a Gamma distribution with shape=6
and scale=50, because this gave dispersal distributions
with most dispersal occurring within 500m, but allow-
ing for rare long-range dispersal events (figure S1).
For A\, we use a beta distribution with parameters
Beta(1.1, 1.1). This distribution approaches zero when
A is close to zero or one, but is fairly flat in between.
This implies that we do not expect that all the weight
should be on either the generalised-normal or the uni-
form components of the mixture distribution in eqn. 8,
but that we do not have strong prior beliefs about val-
ues between that. To examine the effect of modelling
dispersal as a mixture model at all, we also repeated

the MCMC with with )\ to set to one.

3.2.5 Inference via MCMC

We used the Metropolis-Hastings Markov-chain Monte
Carlo algorithm to infer the posterior distribution of
dispersal parameters a,b and \. Ideally we would also
like to estimate the posterior distribution of the pro-

portion of missing fathers ¢, but we found this to be

unstable. Moreover, we demonstrate by simulation that
varying this parameter has negligible effect on biologi-
cal conclusion (see below). We therefore used a fixed
value of ¢ = 0.5, which is tantamount to a flat prior on
sampling effort.

We ran four independent chains beginning from dis-
tant areas of the parameter space. At each iteration,
we perturbed the value of each parameter by a factor
drawn from a normal distribution with a fixed standard
deviation for each parameter (o = 2 for a; o = 0.05 for
b; o = 0.025 for \). We ran each chain for 40000 itera-
tions and subsequently removed the first 500 iterations
of each as burn-in. After checking chain convergence
we thinned subsequent iterations to retain 250 poste-
rior draws from each chain for further analyses, for a

total of 1000 posterior draws.

3.2.6 Inference of mating events

We aimed to create a list of possible mating events be-
tween mothers and candidate fathers consistent with
the data to identify a set of independent pollen disper-
sal events. For each partition structure, FAPS identifies
valid set of distinct fathers for each full sibship, and
estimates a likelihood for each father-sibship configu-
ration. Each set of fathers reflects a hypothetical set of
mating events, and the probability that a single father
mated with the maternal plant is the sum of probabili-
ties for each partition structure in which he sires at least
one offspring. This gives a list of mating events, with
a posterior probability that each occurred, including
an entry for offspring whose father was missing. The
posterior estimate of offspring number is the number of
offspring for each father in each father-sibship configu-
ration weighted by the probability of the mating event.

Note that the number and size of sibships are not neces-
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sarily integers because estimates are weighted averages
over plausible sibship partition structures. In particular,
hypothetical families can have posterior sizes less than
one if the nominal number of offspring is one, but the
posterior probability for the family is less than one.

The total number of mating events is the sum of
probabilities for all mating events with sampled fa-
thers. Likewise, an estimate of the number of missing
fathers is the sum of probabilities for all mating events
for unsampled fathers. However, FAPS does not distin-
guish paternal families within groups of offspring of
an unsampled father, so this value is a lower bound on
the number of unsampled fathers.

For 1000 iterations of the MCMC output we inferred
mating events in this way, based on genetic information
and probabilities of dispersal from the scale and shape
values for that iteration in sibship clustering (eqn. 4
and 3). This gives 1000 sets of mating events for each
iteration of the MCMC output.

Finally, we estimated the relationship between the
number of offspring in a maternal array and the num-
ber of paternal families therein. We first averaged
paternal family size for each mother-father pair over
iterations of the MCMC, then fitted a Poisson gener-
alised linear model (GLM) of paternal family size on

maternal family size (McCullagh and Nelder, 1989).

3.3 Power analysis

We used simulations to determine the statistical power
of the dataset and method to identify true fathers. We
simulated mating events based on pollen dispersal from
200 draws from the posterior distributions of shape and
scale parameters. For each iteration in the chain we
simulated mating events between each true mother and

one or more sires drawn from the pool of genotyped

adult plants. We drew sires based on the probability of
mating with a mother given dispersal parameters for
that iteration. For each mother, we simulated as many
mating events of the same size as were inferred in that
mother in the observed data. We ignored mating events
with posterior probabilities less than 0.9. We simulated
offspring genotypes based on Mendelian segregation
and added genotyping errors to adults and offspring
genotypes with the observed genotype error rate of
10~* per locus per individual. In this way simulated

data reflects the structure of the empirical dataset.

We also investigated the relationship between the
true proportion of missing fathers and prior assump-
tions about sampling effort. To do this we randomly
removed 10%, 30% or 50% of the true fathers for each
simulated dataset. We then used FAPS to infer mating
events for each dataset using prior probabilties of the
proportion of missing fathers of 10%, 20%, 30%, 40%
and 50% and counted how often we were able to re-
cover correct paternal families, the number of incorrect
paternal families and the number of offspring assigned
to missing fathers. This simulates the effect of incom-
plete sampling, as well as of over- and under-estimating

sampling effort subsequent analysis.

3.4 Asymmetric dispersal

To test for potential bias in the direction of pollen dis-
persal we calculated the mean difference in East-West
position between mothers and fathers. We compared
the average asymmetry in direction for observed mat-
ing events to simulated mating events as described
above. Because all but one observed pollen donor
turned out to be on the lower road we restricted this

analysis to simulated pollen donors on the lower road.
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4 Results

4.1 True sibships can be identified with

high confidence

We found that paternal families inferred from simu-
lated data could be divided into those with family sizes
of one or more, and a second group with weighted-
mean family sizes less than one (figure 2A). Consistent
with this, families with one or more offspring over-
whelmingly reflect true mating events, whereas those
with less than one offspring were overwhelmingly in-
correct (figure 2B). This indicates that we can reliably
identify true mating events by discarding paternal fam-

ilies with weighted-mean family sizes less than one.

We found surprisingly little effect of prior beliefs
about the proportion of missing fathers on the accuracy
of paternity inference. Focussing on robust paternal
families with one or more offspring, the number of
families detected decreased as the true number of miss-
ing fathers increased, as one would expect (figure 2A).
However, there was negligible relationship between
the number of these families found and the prior ex-
pectation about the proportion of missing fathers, even
when this prior substantially over- or under-estimated
the true value. We did find a slight increase in the prob-
ability that these inferred mating events were correct
with higher input values of ¢ (figure 2B), presumably
because increasing the prior probability that a father
is unsampled decreases the probability of paternity for
candidates who are not true fathers. Likewise, the num-
ber of offspring assigned to missing fathers increased
with the true proportion of missing fathers, but there
was no effect of changing the value of proportion of
missing fathers used in the analysis (figure 2C). These

results demonstrate that the prior expectations about

the proportion of missing fathers has very little effect
on downstream analyses.

We also note that the observed number of offspring
with an unsampled father in the simulations is sub-
stantially higher than would be expected from the true
proportion of fathers. This is because the simulations
use the true spatial distribution of maternal and candi-
date plants, and the same candidate can sire offspring
with multiple mothers. If that candidate is unsampled,
this affects multiple full-sib families. As such, assum-
ing our simulation regime is sufficiently realistic, we
should expect the proportion of offspring with an un-
sampled father in the empirical dataset to be higher

than the true proportion of missing fathers.

4.2 Number and size of full-sibling fam-
ilies
We identified an average of 160.6 full-sibling families
for which a father could be positively identified across
MCMC samples (96% credible intervals (CI): 156, 163).
Consistent with simulation results, 18.6 families had
posterior-mean family sizes less than one (96% Cls: 14,
121; figures S2, S3). These families typically had poste-
rior probabilities less than one and showed substantial
uncertainty across MCMC iterations, indicating that
they were detected only for a subset of possible sibship
configurations (figure S2). In contrast, the remaining
142.0 families with at least one offspring had posterior
probabilities greater than 0.99 and were found across
MCMC iterations (figure S2). These paternal families
likely reflect robust independent mating events that
can be used to infer a dispersal kernel, and we focus
on these mating events in the rest of this manuscript.
Full-sibship sizes ranged from one to 15 (figure S3).

The GLM of the number of full sibships on maternal-
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Figure 2: Simulation results. Panels show the true proportion, g, of missing fathers; x-axes show the assumed proportion used to
infer families. (A) Number of paternal families identified with weighted-mean offspring number averaged over plausible
sibships greater or less than one. (B) Probability that paternal families identified by FAPS are real. (C) Number of
offspring inferred to have an unsampled father.
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family size revealed that (natural) log number of sib-
ships increased by 0.066 (+0.015) for every additional
offspring included in the maternal family (intercept
= -0.173 + 0.307; figure S4). This corresponds to
detecting a new family for approximately every 3 or 4
offspring genotyped, on average.

For all sixty mothers we found a mating event with
non-zero probability for which the father one or more
offspring was not sampled (figure S3). These fami-
lies include an average of 590.2 offspring (CIs: 588.3,
592.3). This corresponds to around 60% of the off-
spring, and a minimum of 28.1% (CIs 27.8, 28.3) of

the total sample of pollen donors.

4.3 Pollen dispersal is leptokurtic and

asymmetric

Across prior dispersal scenarios, independent MCMC
chains converged on the stationary distribution and
were generally well mixed (figures 3, S5, S6). The
posterior distribution for the disperal shape parameter
was consistently less than one, with a posterior mean
of 0.56 (96% ClIs: 0.46, 0.70), indicating a leptokurtic
dispersal kernel (figure 3B). Consistent with this, the
distribution of pollen dispersal distances for families
with one or more offspring shows a peak close to zero
and a long tail of long-distance dispersal events up to
747m (figures 4A, S7). Mean and median dispersal
distances were 78.0 and 26.7 metres respectively. With
one exception, all mating occured between plants on
the lower road (figure 1). There was no evidence for
a relationship between the posterior probability of a
mating event and the distance to the father for these
mating events (figure S7). These results indicate a
leptokurtic pollen dispersal kernel.

Pollen donors were on 26% more likely to be to the

East of the maternal plants they mated with than to
the West. Simulated pollen donors were 5.1% more
likely to be to the East of their mates, indicating that
the observed result is at least partially due to increased
density of plants to the East of the sample of maternal
plants. Nevertheless the average position of observed
pollen donors was 36.7 metres further to the East than
their mates, which is further than in 98.0% of simu-
lated datasets (mean distance = 12.8 metres; 96% CIs:
-5.93, 32.7). This indicates that there is a bias in pollen

flow favouring Westward dispersal.

4.4 Mixture parameter reduces bias in

dispersal shape

The posterior distribtion the mixture parameter A was
centred around 0.93 (96% CIs: 0.88, 0.96; figure 3C).
That this number is close to, but not equal to zero indi-
cates that 4-12% of paternal families are compatible
with non-sires located at medium to long distances
from the mother. This may be because the true father
is missing and/or stochastictity in Mendelian sampling
of the genotypes. If ignored, this signal would inflate
apparent leptokurtosis in the dataset. Consistent with
this, when we constrain \ to be fixed at one the poste-
rior distributions for the scale and shape parameters are
shifted downwards compared to the analysis where A is
allowed to vary (posterior means for a and b drop from
17.5 to 17.1 and from 5.6 to 4.9 respectively; figure
S8). This would indicate more leptokurtic pollen dis-
persal (figure 3A, 3B). When mean dispersal distance is
estimated from the second moment of the generalised
normal distribution (eqn. 9; Clark, 1998) this would
imply a substantial increase in mean dispersal from 114
to 193 metres (figure S8). Fortunately, there was no

difference in mean or median dispersal distance when
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Figure 3: Posterior densities for the scale, shape, and mixture parameters of the dispersal kernel. Histograms show stacked densities
for each of four independent chains.
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Figure 4: Distribution of pollen-dispersal distances. (A) Histogram and (B) cumulative distribution of distances for dispersal events
for paternal families with one or more offspring. Note the log10 scale of the x-axis in B. Mating events are weight
weighted by their posterior probability. The histogram is summed over iterations of the MCMC. Separate cumulative
curves are shown for 1000 MCMC iterations separately.
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these are calculated based on realised mating events.
In this instance then, including a mixture component in
the dispersal kernel reduces the bias caused by missing
fathers in dispersal shape and apparent mean dispersal
distance when this is inferred from the shape of the
dispersal distribution. However, this does not have a
large enough impact on realised dispersal distances in

these data to greatly affect biological conclusions.

5 Discussion

We have described a framework to jointly infer pater-
nity, sibling relationships and population parameters.
Applying this to a natural populations of snapdrag-
ons, we find strong evidence for a leptokurtic pollen-
dispersal distribution, as well as evidence for asymme-
try in pollen dispersal from East to West. Below we
discuss possible influence of incorrect genealogies on
the results, the implications for the hybrid zone pop-
ulation, as well as the limitations and possible future

directions of the method.

5.1 Controlling bias in dispersal esti-

mates

5.1.1 Bias due to incorrect fathers

Sometimes candidate pollen donors can have a simi-
lar or greater probability of paternity for an offspring
individual as does the true father due to stochastic-
ity in Mendelian sampling (Thompson, 1976). If not
addressed, we might infer an incorrect mating event
between adult plants, which would bias estimates of
dispersal upwards. Two aspects of our study suggest
that signal from false fathers should have a minimal
effect on our results.

First, our simulations showed that incorrect families

could be readily identified based on family size. In
previous simulations to test the performance of FAPS
we found that the main source of error was individuals
from a larger sibship group being falsely assigned to
a singleton sibship, but this analysis focussed on the
most likely partition structure to simplify results (El-
lis, Field, and Barton, 2018). In this study we found
that those incorrect singleton families have only weak
posterior probabilities when we consider a whole set
of plausible sibship configurations, meaning that fam-
ily sizes are effectively less than one individual. This
idea is not necessarily intuitive, so to illustrate this,
imagine three offspring (A, B and C) with two candi-
date fathers (X and Y) and that there are two plausible
paternal-sibships configurations,: (1) X is the father
of A, B and C, with probability 0.6, or (2) X is the
father of A and B, while Y is the father of C with prob-
ability 0.4. The probability that X mated with the
mother is 0.6+0.4=1, but the probability that Y mated
with the mother is 0.4. Weighted mean offspring num-
bers are (3%0.6)+(2%0.4)=2.4 for X and 1*0.5=0.5
for Y. Since our goal was to infer pollen dispersal by
identifying mate pairs, excluding mating events for
families with sizes less than one is an effective way to
control false-paternity assignment. This demonstrates
that accounting for uncertainty in sibship structure is
an extremely useful way to improve the accuracy of

paternity inference.

Second, we modelled dispersal as a mixture distribu-
tion with a term allowing for false-positive fathers to
try and reduce the bias in estimates of dispersal. The
mixture distribution reduces the bias in the estimated
shape parameter and the second moment of the gener-
alised normal distribution, often interpreted as mean

(squared) dispersal distance (e.g. Clark, 1998; Auster-
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litz et al., 2004; Klein, Desassis, and Oddou-Muratorio,
2008). We note that this bias will exist to some extent
as long as knowledge of paternity is less than perfect.
As such the mixture model reduces this bias, but is
unlikely to completely eliminate it completely. Our bi-
ological conclusions are not affected, because we focus
on the distribution of realised mating events, which
are affected in only a minor way in real terms (figure
4C, 4D). However, caution is warranted in the interpre-
tation of the raw parameter values for shape and mean
dispersal from the generalised normal distribution (fig-
ure S8). It is possible that the effect was stronger
here than would be the case in other published stud-
ies because our sample of candidate fathers is large,
and the spatial extend is much larger (two orders of
magnitude) than median dispersal distance. In con-
trast, other studies have focussed on wind-pollinated
trees, where pollen can travel much further, and had
smaller numbers of candidates (e.g. Adams, Griffin,
and Moran, 1992; Austerlitz et al., 2004; Klein, Desas-
sis, and Oddou-Muratorio, 2008). This demonstrates
the utility of using inferred dispersal parameters to
inform inference of real mating events, rather than

focussing on the parameters themselves.

5.1.2 Missing fathers

An alternative source of bias comes from false negative
paternity, where the true father of a family is present
but is inferred to be missing. We found that more than
half the offspring were inferred to have an unsampled
father, and that this did not strongly depend on prior be-
liefs about the proportion of missing fathers. Whether
these missing fathers bias dispersal estimates depends
on whether they are likely to be randomly distributed

in space. On one hand, it may be that sampling ef-

fort was greater in the core of the hybrid zone than
at the edges of our sampling region, and it is known
that bumblebees, especially queens, can disperse over
several kilometres (Osborne et al., 2008; Hagen, Wikel-
ski, and Kissling, 2011; Lepais et al., 2010). In this
way it is possible that we have missed long-distance
mating events, which would bias dispersal estimates
downward. However, our sample of candidate fathers
is large, and extends at least a kilometer beyond the
range of plants identified as pollen donors (figure 1),
which is more than twice as far as the longest dispersal
event detected (figure 4). We feel it is thus unlikely
that there could have been enough unsampled fathers
far from the sample of mothers to greatly influence
dispersal shape or median dispersal distance.

An alternative explanation for the high number of
missing fathers is that they finished flowering before
the main sampling began. This is a more plausible
explanation, because the population had already be-
gun to flower at the time of the first surveys in June
2012, and plants were still flowering at the time of
seed collection in late July. The majority of unsampled
fathers may thus represent relatively early-flowering
individuals. Fortunately, it seems that flowering time
is unlikely to depend strongly on location, and as such
this is unlikely to bias dispersal estimates. Ongoing
work using many more samples of mothers across both
space and time will allow us to address questions such

as this.

5.2 Implications for the hybrid-zone

population
The shape of the dispersal kernel implies that most

mating occurs within tens of metres, but that there is

a long tail of mating events between individuals at up
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to several hundred metres. This result suggests that
any natural selection acting through male reproductive
components (pollen dispersal) occurs at small spatial
scales. If pollinators discriminate between different
flower-colour phenotypes in the hybrid zone, this sets
an important geographic scale of selection for empirical
tests on pollinator-mediated selection. For example,
within 20m in the core of the hybrid zone, pollinators
would encounter a full range of colour phenotypes
that would provide scope for colour discrimination and
differential visitation to influence male and female fit-
ness. In this paper we have not attempted to estimate
selection via flower colour because the number of moth-
ers for each flower colour is small, meaning that we
likely have little statistical power. However, in ongoing
work we are investigating variation in fitness in a much
larger panel of offspring arrays, which will allow us to

address such questions with much greater accuracy.

We found evidence that all but one mating event
was between plants on the lower road, and that pollen
donors on this road tended to be to the East of mater-
nal plants. This indicates that pollen tends to move
Westward from where the magenta A. m. pseudoma-
jus dominates towards where yellow A. m. striatum is
more common, implying an asymmetry of introgres-
sion from A. m. pseudomajus into A. m. striatum. We
note however that our sample of maternal plants was
restricted to a relatively narrow region around the core
of the hybrid zone, to only one of the two roads where
A. majus is common (figure 1), and in only a single
year. As such, the finding of asymmetric introgression
should be regarded as preliminary. In ongoing work
we are investigating the detailed shape of clines across
the genome in the population that reflect demographic

processes over longer time scales, and should be able

to shed clearer light on this phenomenon.

5.3 Limitations and future directions

In this study we used Metropolis-Hastings MCMC to
update population parameters, and re-evaluate sibship
structures at each iteration using the Monte-Carlo sim-
ulations described by Ellis, Field, and Barton (2018).
This has two obvious computational limitations that
could be improved upon. First, the Metropolis-Hastings
algorithm known to explore parameter space ineffi-
ciently as models become complex. However, more
efficient MCMC samplers, such as Hamiltonian Monte
Carlo are challenging to implement, especially when
the likelihood component needs to be estimated by sim-
ulation (Betancourt, 2017). Second, the Monte-Carlo
simulations take several seconds to run, which means

chains with many iterations take a long time.

These issues could be greatly simplified by avoiding
repeated Monte-Carlo simulations at each iteration.
One way to achieve this would be to first identify full-
sibling families with strong support based on genetic
data Ellis, Field, and Barton, 2018). Our simulations
showed that this can be done with high confidence
based on family size. Then, these families could be
used to jointly infer paternity and population parame-
ters following eqn. 6. In this case the likelihood is the
sum of elements in a matrix, which is very cheap to
compute. This would allow for much more flexibility
in how to optimise parameter estimation. This is turn
would allow users to focus less on implementation and

more on modelling biological problems.
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