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1 Abstract1

The distribution of pollen dispersal distances sets the2

scale for plant population dynamics. A useful approach3

for inferring the distribution dispersal distances is to in-4

fer the distances between mates by paternity or parent-5

age reconstruction. This is most powerful when in-6

formation about multiple properties or data types are7

inferred in a joint analysis. We describe an approach8

to jointly infer paternity, sibling relationships and pop-9

ulation parameters, with the example of the pollen 10

dispersal kernel in a natural population of the yellow- 11

flowered Antirrhinum majus striatum and the magenta- 12

flowered A. m. pseudomajus. Pollen dispersal is lep- 13

tokurtic, with half of mating events occurring within 14

30m, but with a long tail of mating events up to 747m. 15

We also find tentative evidence that fathers tend to 16

be to the East of mothers, indicating that there is a 17

bias in pollen dispersal from A. m. pseudomajus into 18
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A. m. striatum. The scale of pollen dispersal is large19

enough that pollinators should encounter the full range20

of hybrid phenotypes in the hybrid zone, and would21

be sufficient for any pollinator-mediated selection to22

influence male or female fitness.23

2 Introduction24

Knowledge of the distribution of dispersal distances25

organisms or gametes travel during their lifetimes aids26

our understanding of natural populations because it27

sets the scale at which populations vary (Cain, Milli-28

gan, and Strand, 2000). For example, dispersal may29

enhance the response to selection by increasing genetic30

variance, may inhibit local adaptation via swamping by31

maladapted alleles, or alleviate inbreeding with nearby32

relatives (Kremer et al., 2012). Of particular interest33

is both the average distance travelled and the shape of34

the dispersal distribution. In plants, dispersal is often35

characterised by leptokurtic or ’fat-tailed’ distributions,36

where dispersal is most likely to occur over short dis-37

tances, but there is a long tail of long-range dispersal38

events (Clark, 1998; Austerlitz et al., 2004; Bullock et39

al., 2017). This leptokurtosis allows much more rapid40

dispersal than would be suggested by the average dis-41

persal distance alone, with long-range migrants having42

a disproportionate effect on the spread of adaptive al-43

leles (Clark, 1998; Cain, Milligan, and Strand, 2000).44

We thus aim to accurately characterise the shape of45

dispersal distributions in natural populations.46

A key tool for inferring dispersal is to infer the pedi-47

gree of relationships between individuals based on ge-48

netic information from parents and offspring, because49

this gives a direct estimate of the distances between50

mates (Adams, Griffin, and Moran, 1992; Cain, Milli-51

gan, and Strand, 2000; Austerlitz et al., 2004; Pember- 52

ton, 2008). Pedigree inference is most successful when 53

as much informative data as possible can be included 54

in a joint analysis, such as from shared alleles between 55

siblings, or phenotype information (Neff, Repka, and 56

Gross, 2001; Wang, 2007). Dispersal is a clear example 57

of this. For example, one approach would be to infer a 58

pedigree ignoring spatial information, then measure 59

the distances between mates, assuming the pedigree 60

to be correct. This would overestimate average dis- 61

persal, because any candidates erroneously inferred 62

to be parents will tend to be further apart than real 63

parents. Alternatively, one might first infer the distribu- 64

tion of dispersal distances using a non-genetic approach 65

such as mark-recapture, then use this as a prior to in- 66

form pedigree inference. This would underestimate 67

dispersal, because such methods tend to miss dispersal 68

events over longer distances. By inferring pedigree 69

relationships and dispersal jointly we can incorporate 70

the information each has about the other and improve 71

inference of both. 72

Several methods exist for the joint inference of 73

parental relationships and other parameters. Various 74

approaches have been described to jointly infer sibling 75

relationships with the parentage or paternity of those 76

sibships (e.g. Emery et al., 2001; Thomas and Hill, 77

2002; Jones et al., 2007; Wang, 2004; Anderson and 78

Ng, 2016; Huisman, 2017). Another approach is to 79

include data about other biological parameters that 80

might influence mating, such as relevant phenotypes 81

or spatial information (Neff, Repka, and Gross, 2001; 82

Hadfield, Richardson, and Burke, 2006). This is espe- 83

cially appealling because it allows us to directly address 84

biologically relevant relationships between traits of in- 85

terest and mating patterns. These approaches typically 86
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rely on an iterative algorithm such as simulated anneal-87

ing or Monte-Carlo Markov chains (MCMC) to explore88

different pedigree structures. This is time-consuming,89

especially for large samples, and there is no guarantee90

that the full space of plausible pedigree structures can91

be explored. Moreover, we currently lack a framework92

for utilising all three sources of information - parent-93

age, sibships and population parameters - in a single94

joint analysis.95

We previously described a package Fractional Analy-96

sis of Paternity and Sibships (FAPS) to jointly infer of97

paternity and sibships (Ellis, Field, and Barton, 2018),98

which we here extend to include inference of popu-99

lation parameters. FAPS considers the probability of100

paternity of each offspring as a probability distribution101

over all candidate fathers simultaneously, and identi-102

fies and compares plausible sibling relationships. In103

this way we can fully account for the uncertainty in104

paternal and sibling relationships in a few seconds,105

obviating the need to update pedigree relationships106

iteratively. In this paper we describe how to include107

non-genetic information into the FAPS procedure, and108

use MCMC to update parameters for those data to109

jointly infer paternity, sibships and population param-110

eters. We then apply this to the inference of the pollen111

dispersal distribution in a hybrid-zone population of112

the snapdragon Antirrhinum majus.113

3 Materials and Methods114

3.1 A. majus data115

3.1.1 Study population116

We examine a hybrid zone population of the snap-117

dragon Antirrhinum majus in the Spanish Pyrenees.118

Here, the yellow-flowered A. m. striatum and the119

magenta-flowered A. m. pseudomajus meet and hy- 120

bridise to produce diverse recombinant phenotypes, 121

including pink, white and orange flowers. The popula- 122

tion grows along two parallel roads running East-West 123

close to Ribès de Freser (figure 1). The ’lower’ road is 124

at 1150-1200m above sea level, whilst the ’upper’ road 125

climbs 1250-1500m, and is 500-1000m north of the 126

lower road. Hybrids are mostly confined to a 1km ’core’ 127

hybrid zone, with A. m. striatum- and A. m. pseudoma- 128

jus-like plants becoming dominant to the West and East 129

respectively. We surveyed as many flowering plants as 130

we could find in June and July of 2012 (n=2124), and 131

collected information on flower number and location 132

using a Trimble GeoXT datalogger. We collected two to 133

three leaves for DNA extraction and dried these in silica 134

gel (Fischer Scientific). A. majus grows in disturbed 135

habitats such as roadsides and railways; they are rare 136

in the established forest and pasture between the two 137

roads, on the north-facing slope to the South, and on 138

the high mountain peak to the North of the two roads 139

(figure 1. It thus is likely that we sampled the majority 140

of the plants that flowered during the study period, 141

although we cannot exclude that some flowering may 142

have occurred before or after this. 143

Pollination is carried out exclusively by large bumble- 144

bees and carpenter bees who are large enough to open 145

the flowers (Vargas et al., 2010; Andalo et al., 2019). A. 146

majus has a gametophytic self-incompatibility system, 147

and self-pollinated seeds are very rare (Surendranadh 148

et al., 2022). There are no detectable post-zygotic bar- 149

riers between A. m. striatum and A. m. pseudomajus 150

(Andalo et al., 2010). 151

In August 2012 we collected a single, mature, wild- 152

pollinated fruit from each of 60 mothers (figure 1). In 153

order to minimise disturbance to the population we 154
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Figure 1: Map of the hybrid zone. The map shows the distribution of maternal plants, inferred pollen donors and remaining plants
along the lower (South) and upper (North) roads. Only pollen donors for families with one or more offspring are shown.

only sampled from plants which had set a minimum155

of five mature fruits. These mothers were chosen to156

represent an even sample of pigmentation genotypes,157

spread as evenly as possible across the core of the hy-158

brid zone where hybrids are most dense, resulting in159

10 A. m. striatum-like, 17 A. m. pseudomajus-like, and160

33 hybrid-phenotype mothers.161

3.1.2 Genotyping162

We grew seeds in 5cm plug trays filled with potting163

compost (Gramaflor) in a greenhouse under Sylvania164

GroLux lights on a 16-hour cycle. We sowed three165

seeds per plug for 50-70 plugs per maternal family166

and thinned seedlings to a single seedling per plug167

after cotelydons had appeared. We transferred approx-168

imately 1cm2 of fresh tissue from 1419 seedlings to169

96-well DNA-extraction plates (LGC Genomics, Berlin)170

and allowed tissue to dry using the sample bag and171

silica gel provided. For parental tissue from the hy- 172

brid zone we transferred approximately 1cm2 tissue 173

dried in the field to the same plates. DNA extractions 174

of the plated tissue samples were carried out by LGC 175

Genomics. 176

We genotyped tissue samples at 71 SNPs by KASPR 177

sequencing (LGC Genomics). These SNPs are a sub- 178

sample of a panel used for a wider survey of the hybrid 179

zone (Surendranadh et al., 2022). The total SNP panel 180

is a mixture of diagnostic (showing a gradient in al- 181

lele frequency across the hyrbid zone) and parentage 182

(with as even a gradient in allele frequency as possible) 183

SNPs. Previous work identified the per-locus genotyp- 184

ing error rate in these data to be approximately 104 185

(Surendranadh et al., 2022). For parentage loci we 186

chose only biallelic loci with a minor-allele frequency 187

greater than 0.3 in each of inner four pools closest 188

to the centre of the cline, selected to be at least 2cM 189

apart. Diagnostic SNPs were either linked to pigmenta- 190
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tion loci, or else showed sharp clines across the hybrid191

zone. We removed 474 offspring and four adults that192

had missing data at more than 7.5% of the SNPs. We193

also pruned 7 SNPs that showed more than 10% miss-194

ing data, or less than 15% heterozygosity. This left us195

with a set of 984 offspring from 60 maternal families,196

with between two and 29 offspring per maternal family197

(mean=16.4).198

3.2 Joint estimation of paternity, sib-199

ships and dispersal200

3.2.1 Probability model201

We begin with observed SNP marker data M for moth-202

ers, offspring and candidate father, and a matrix D of203

Euclidean distances between mothers and all possible204

candidate fathers, as well as estimates q of the propor-205

tion of candidate father sampled, and the per-locus206

genotyping error rate η. From this we wish to infer207

pedigree P describing sibling, paternal and (known)208

maternal relationships, and vector θ of dispersal pa-209

rameters. The full probability model is then210

Pr(P, θ|M,D, q, η) ∝ Pr(M|P,D, q, θ, η) Pr(D|θ, P )

Pr(θ) Pr(P ) Pr(η)

(1)

In the following sections we outline how to extend211

our existing method for inferring sibships and paternity212

to include data from non-genetic covariates, a model213

for pollen dispersal, suitable hyperprior distributions214

for dispersal parameters, and a procedure to infer the215

posterior distribution of the parameters of interest.216

3.2.2 Allowing for covariates in paternity infer- 217

ence 218

We have previously described a Python package FAPS 219

which performs joint analysis of paternity and sibship 220

relationships for sibling arrays based on SNP data, and 221

allows for integrating out uncertainty in relationships 222

(Ellis, Field, and Barton, 2018). Here we extended the 223

software to allow for additional non-genetic informa- 224

tion to be included. 225

FAPS begins with marker data for one or more ma- 226

ternal families composed of a mixture of half- and 227

full-siblings, the known mother of each family, and 228

an array of candidate fathers. Ellis, Field, and Bar- 229

ton (2018) described a method to infer sibling and 230

paternity relationships in those individuals; we refer 231

the reader to that paper for the full details, but review 232

the most important aspects here. FAPS uses marker 233

data M to build matrix G of probabilities of paternity 234

based on Mendelian transition probabilities for each 235

maternal family. G has a row for each offspring and 236

a column for each candidate father, where element 237

gij is the probability that candidate j is the father of 238

offspring i given marker data, an estimate of genotyp- 239

ing error rate η, and an estimate of the proportion of 240

missing candidate fathers q. Rows in G sum to one, 241

and describe a multinomial distribution of probabili- 242

ties of paternity over all candidate fathers. The final 243

column of G is the probability that the father of each 244

offspring was missing from the sample of candidates, 245

based on the probability of observing offspring alleles 246

from population allele frequencies, and an estimate 247

of the proportion of possible pollen donors in the pop- 248

ulation that had been sampled. FAPS then builds a 249

Page 5 of 19

.CC-BY 4.0 International licensemade available under a 
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is 

The copyright holder for this preprintthis version posted January 5, 2024. ; https://doi.org/10.1101/2024.01.05.574354doi: bioRxiv preprint 

https://doi.org/10.1101/2024.01.05.574354
http://creativecommons.org/licenses/by/4.0/


Joint estimation of paternity, sibships and pollen dispersal in a snapdragon hybrid zone

similarity matrix whose ihth element is the likelihood250

ΣF
j gijghj (2)

that the ith and jth offspring are full siblings by sum-251

ming over the probabilities that they share any one of252

the F fathers. The similarity matrix is used to perform253

hierarchical clustering to identify plausible ways to par-254

tition offspring into families of possible full sibships,255

and the likelihood of each partition structure is esti-256

mated by Monte-Carlo simulation. The likelihood that257

candidate father j is the father of putative full sibship258

k is then259

Πn
i gij (3)

for all n offspring in k. FAPS returns a vector of prob-260

abilities (which sum to one) that each candidate is261

the father of sibship k, or that the true father was262

not sampled. This is done for each plausible partition263

structure. This gives a distribution of possible partition264

structures and their likelihoods, and a distribution of265

paternity probabilities for each putative family within266

each partition structure.267

We can incorporate non-genetic information about268

paternity using a suitable function relating those data269

into probabilities of paternity. In principle this can be270

done for any kind of data for which there is a suitable271

function relating the observed data for a set of can-272

didate fathers to a probability of having mating with273

each mother, given a set of parameter values for that274

function. The goal is to find parameter values that275

best explain the data. For example, a standardised276

continuous phenotype z could be modelled with the277

logistic function 1/(1 + eβz), where β describes the278

relationship between z and male fertility. A categorical279

phenotype can be modelled as a multinomial vector280

of probabilities that sum to one. In this study we use 281

matrix D of Euclidean distances between mothers and 282

candidate fathers as a covariate, and model the proba- 283

bility Pr(dmj |θ) of a mating event occurring between 284

mother m and candidate j who are distance dmj apart, 285

based on a suitable model of pollen dispersal (see be- 286

low). It is then straightforward to incorporate this into 287

the procedure outlined above by modifying eqn. 2 to 288

ΣF
j Pr(dmj |θ)gijghj (4)

and eqn. 3 to 289

Pr(dmj |θ)Πn
i gij (5)

Eqn. 5 can then be used to estimate the likelihood of 290

the partition structure by Monte-Carlo simulation, as 291

previously described by Ellis, Field, and Barton (2018). 292

For a given set of dispersal parameters in θ the like- 293

lihood of the whole maternal family is then the sum 294

of likelihoods for each possible partition. When there 295

are multiple maternal families, the likelihood of the 296

whole dataset given θ is the product of those likeli- 297

hoods over each maternal family. When we update θ, 298

this likelihood will change, giving us a way to compare 299

likelihoods of different dispersal parameter values and 300

identify those most consistent with the data. 301

A special case arises when it is known that offspring 302

are unrelated, or that sibship structure is otherwise 303

known. In this case the likelihood of the data can be 304

calculated by summing the likelihoods of paternity 305

for each candidate father on the kth full-sibship, and 306

multiplying over all K full sibships: 307

ΠK
k ΣF

j Pr(dmj |θ)Πn
i gij (6)

This obviates the need for likelihood estimation by 308

Monte-Carlo simulation. 309
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3.2.3 Pollen dispersal distribution310

A useful function for describing plant dispersal distri-311

butions is the generalised normal distribution (Clark,312

1998; Nadarajah, 2005; Kremer et al., 2012). This313

is a generalisation of the exponential family of proba-314

bility distributions and includes the exponential and315

standard normal distributions as special cases, but al-316

lows for fat and thin tails. It is commonly used to317

model plant dispersal distributions because these are318

often found to show clear kurtotis (e.g. Austerlitz et al.,319

2004; Robledo-Arnuncio and Gil, 2005; Klein, Desassis,320

and Oddou-Muratorio, 2008; Burczyk, Sandurska, and321

Lewandowski, 2019; Field et al., 2011; Ottewell et al.,322

2012). The generalised normal distribution describes323

the probability of observing dispersal distance d given324

scale parameter a and shape parameter b:325

Pr(d|a, b) = Ke(−
d
a )b (7)

where K is normalising constant b/[2aΓ(1/b)] and Γ326

is Euler’s gamma function. The function takes the327

forms of the standard exponential when b = 1 and328

normal distribution when b = 2. Values of b < 1 reflect329

leptokurtic distributions with tails that decay more330

slowly than would be expected under the exponential331

distribution. Using θ = a, b, this provides a convenient332

function for calculating Pr(dmj |θ) because it allows for333

a long tail of long-distance migrants.334

Sometimes it may be that an unrelated candidate335

has a similar or higher probability of paternity of one or336

more offspring simply due to stochasticity in Mendelian337

sampling. Whereas true fathers are expected to be (on338

average) close to the mother, other candidates should339

be drawn at random from the population. This will340

inflate the apparent kurtosis in the data and bias b341

downwards. To accommodate this we modify 7 to 342

model dispersal as a mixture of a generalised-normal 343

and a uniform distribution: 344

Pr(dmj |a, b, λ) = λKe(−
d
a )b +

1− λ

F
(8)

where F is the number of candidate fathers and λ 345

is a mixture parameter determining the proportion 346

of the probability mass due to ’real’ dispersal. The 347

uniform part of this mixture allows for signal coming 348

from incorrect candidates without requiring the ’true’ 349

dispersal kernel to be unnecessarily leptokurtotic. λ 350

also provides an approximate estimate for what the 351

rate of false-postive assignment to medium- and long- 352

distance candidates would have been if this had been 353

ignored. 354

It is common to also report the mean dispersal dis- 355

tance as the square root of the variance of this distri- 356

bution as 357√
a2Γ(3/b)

Γ(1/b)
(9)

(Nadarajah, 2005). We prefer to focus on median dis- 358

persal distances because this is more intuitive for highly 359

skewed distributions, and also to estimate this on re- 360

alised inter-mate distances rather than on parameters 361

alone (see "Inference of mating patterns"). We never- 362

theless report this and how it relates to the effect of λ 363

on results. 364

3.2.4 Priors for dispersal parameters 365

We require prior distributions for dispersal parameters 366

a, b and λ. 367

We used a log-normal prior for b (ln b ∼ N(µ = 368

0, σ = 0.5). This model allows for a range of shape val- 369

ues reflecting leptokurtosis to Gaussian dispersal, but 370

is skeptical about very strong over- or under-dispersion 371
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in the dispersal distribution because prior probabilties372

approach zero as b approaches 0 or 3 (figure S1). We373

used a Gamma prior for a because this describes pos-374

itive continuous values, and because it is conjugate375

with the variance parameter of a Gaussian distribution.376

Because the effect of a depends on b and has no in-377

tuitive biological interpretation itself, we used prior378

simulations to choose a suitable parameterisation for379

a. We first simulated 10000 pairs of values for a and b380

from Gamma and log-normal distributions respectively.381

We then used each pair of simulated values to parame-382

terise a generalised normal distribution, and simulated383

1000 dispersal distances from that distribution, and384

visually examined the distribution for biological plausi-385

bility. We chose a Gamma distribution with shape=6386

and scale=50, because this gave dispersal distributions387

with most dispersal occurring within 500m, but allow-388

ing for rare long-range dispersal events (figure S1).389

For λ, we use a beta distribution with parameters390

Beta(1.1, 1.1). This distribution approaches zero when391

λ is close to zero or one, but is fairly flat in between.392

This implies that we do not expect that all the weight393

should be on either the generalised-normal or the uni-394

form components of the mixture distribution in eqn. 8,395

but that we do not have strong prior beliefs about val-396

ues between that. To examine the effect of modelling397

dispersal as a mixture model at all, we also repeated398

the MCMC with with λ to set to one.399

3.2.5 Inference via MCMC400

We used the Metropolis-Hastings Markov-chain Monte401

Carlo algorithm to infer the posterior distribution of402

dispersal parameters a,b and λ. Ideally we would also403

like to estimate the posterior distribution of the pro-404

portion of missing fathers q, but we found this to be405

unstable. Moreover, we demonstrate by simulation that 406

varying this parameter has negligible effect on biologi- 407

cal conclusion (see below). We therefore used a fixed 408

value of q = 0.5, which is tantamount to a flat prior on 409

sampling effort. 410

We ran four independent chains beginning from dis- 411

tant areas of the parameter space. At each iteration, 412

we perturbed the value of each parameter by a factor 413

drawn from a normal distribution with a fixed standard 414

deviation for each parameter (σ = 2 for a; σ = 0.05 for 415

b; σ = 0.025 for λ). We ran each chain for 40000 itera- 416

tions and subsequently removed the first 500 iterations 417

of each as burn-in. After checking chain convergence 418

we thinned subsequent iterations to retain 250 poste- 419

rior draws from each chain for further analyses, for a 420

total of 1000 posterior draws. 421

3.2.6 Inference of mating events 422

We aimed to create a list of possible mating events be- 423

tween mothers and candidate fathers consistent with 424

the data to identify a set of independent pollen disper- 425

sal events. For each partition structure, FAPS identifies 426

valid set of distinct fathers for each full sibship, and 427

estimates a likelihood for each father-sibship configu- 428

ration. Each set of fathers reflects a hypothetical set of 429

mating events, and the probability that a single father 430

mated with the maternal plant is the sum of probabili- 431

ties for each partition structure in which he sires at least 432

one offspring. This gives a list of mating events, with 433

a posterior probability that each occurred, including 434

an entry for offspring whose father was missing. The 435

posterior estimate of offspring number is the number of 436

offspring for each father in each father-sibship configu- 437

ration weighted by the probability of the mating event. 438

Note that the number and size of sibships are not neces- 439
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sarily integers because estimates are weighted averages440

over plausible sibship partition structures. In particular,441

hypothetical families can have posterior sizes less than442

one if the nominal number of offspring is one, but the443

posterior probability for the family is less than one.444

The total number of mating events is the sum of445

probabilities for all mating events with sampled fa-446

thers. Likewise, an estimate of the number of missing447

fathers is the sum of probabilities for all mating events448

for unsampled fathers. However, FAPS does not distin-449

guish paternal families within groups of offspring of450

an unsampled father, so this value is a lower bound on451

the number of unsampled fathers.452

For 1000 iterations of the MCMC output we inferred453

mating events in this way, based on genetic information454

and probabilities of dispersal from the scale and shape455

values for that iteration in sibship clustering (eqn. 4456

and 3). This gives 1000 sets of mating events for each457

iteration of the MCMC output.458

Finally, we estimated the relationship between the459

number of offspring in a maternal array and the num-460

ber of paternal families therein. We first averaged461

paternal family size for each mother-father pair over462

iterations of the MCMC, then fitted a Poisson gener-463

alised linear model (GLM) of paternal family size on464

maternal family size (McCullagh and Nelder, 1989).465

3.3 Power analysis466

We used simulations to determine the statistical power467

of the dataset and method to identify true fathers. We468

simulatedmating events based on pollen dispersal from469

200 draws from the posterior distributions of shape and470

scale parameters. For each iteration in the chain we471

simulatedmating events between each truemother and472

one or more sires drawn from the pool of genotyped473

adult plants. We drew sires based on the probability of 474

mating with a mother given dispersal parameters for 475

that iteration. For each mother, we simulated as many 476

mating events of the same size as were inferred in that 477

mother in the observed data. We ignoredmating events 478

with posterior probabilities less than 0.9. We simulated 479

offspring genotypes based on Mendelian segregation 480

and added genotyping errors to adults and offspring 481

genotypes with the observed genotype error rate of 482

10−4 per locus per individual. In this way simulated 483

data reflects the structure of the empirical dataset. 484

We also investigated the relationship between the 485

true proportion of missing fathers and prior assump- 486

tions about sampling effort. To do this we randomly 487

removed 10%, 30% or 50% of the true fathers for each 488

simulated dataset. We then used FAPS to infer mating 489

events for each dataset using prior probabilties of the 490

proportion of missing fathers of 10%, 20%, 30%, 40% 491

and 50% and counted how often we were able to re- 492

cover correct paternal families, the number of incorrect 493

paternal families and the number of offspring assigned 494

to missing fathers. This simulates the effect of incom- 495

plete sampling, as well as of over- and under-estimating 496

sampling effort subsequent analysis. 497

3.4 Asymmetric dispersal 498

To test for potential bias in the direction of pollen dis- 499

persal we calculated the mean difference in East-West 500

position between mothers and fathers. We compared 501

the average asymmetry in direction for observed mat- 502

ing events to simulated mating events as described 503

above. Because all but one observed pollen donor 504

turned out to be on the lower road we restricted this 505

analysis to simulated pollen donors on the lower road. 506
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4 Results507

4.1 True sibships can be identified with508

high confidence509

We found that paternal families inferred from simu-510

lated data could be divided into those with family sizes511

of one or more, and a second group with weighted-512

mean family sizes less than one (figure 2A). Consistent513

with this, families with one or more offspring over-514

whelmingly reflect true mating events, whereas those515

with less than one offspring were overwhelmingly in-516

correct (figure 2B). This indicates that we can reliably517

identify true mating events by discarding paternal fam-518

ilies with weighted-mean family sizes less than one.519

We found surprisingly little effect of prior beliefs520

about the proportion of missing fathers on the accuracy521

of paternity inference. Focussing on robust paternal522

families with one or more offspring, the number of523

families detected decreased as the true number of miss-524

ing fathers increased, as one would expect (figure 2A).525

However, there was negligible relationship between526

the number of these families found and the prior ex-527

pectation about the proportion of missing fathers, even528

when this prior substantially over- or under-estimated529

the true value. We did find a slight increase in the prob-530

ability that these inferred mating events were correct531

with higher input values of q (figure 2B), presumably532

because increasing the prior probability that a father533

is unsampled decreases the probability of paternity for534

candidates who are not true fathers. Likewise, the num-535

ber of offspring assigned to missing fathers increased536

with the true proportion of missing fathers, but there537

was no effect of changing the value of proportion of538

missing fathers used in the analysis (figure 2C). These539

results demonstrate that the prior expectations about540

the proportion of missing fathers has very little effect 541

on downstream analyses. 542

We also note that the observed number of offspring 543

with an unsampled father in the simulations is sub- 544

stantially higher than would be expected from the true 545

proportion of fathers. This is because the simulations 546

use the true spatial distribution of maternal and candi- 547

date plants, and the same candidate can sire offspring 548

with multiple mothers. If that candidate is unsampled, 549

this affects multiple full-sib families. As such, assum- 550

ing our simulation regime is sufficiently realistic, we 551

should expect the proportion of offspring with an un- 552

sampled father in the empirical dataset to be higher 553

than the true proportion of missing fathers. 554

4.2 Number and size of full-sibling fam- 555

ilies 556

We identified an average of 160.6 full-sibling families 557

for which a father could be positively identified across 558

MCMC samples (96% credible intervals (CI): 156, 163). 559

Consistent with simulation results, 18.6 families had 560

posterior-mean family sizes less than one (96% CIs: 14, 561

121; figures S2, S3). These families typically had poste- 562

rior probabilities less than one and showed substantial 563

uncertainty across MCMC iterations, indicating that 564

they were detected only for a subset of possible sibship 565

configurations (figure S2). In contrast, the remaining 566

142.0 families with at least one offspring had posterior 567

probabilities greater than 0.99 and were found across 568

MCMC iterations (figure S2). These paternal families 569

likely reflect robust independent mating events that 570

can be used to infer a dispersal kernel, and we focus 571

on these mating events in the rest of this manuscript. 572

Full-sibship sizes ranged from one to 15 (figure S3). 573

The GLM of the number of full sibships on maternal- 574
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Figure 2: Simulation results. Panels show the true proportion, q, of missing fathers; x-axes show the assumed proportion used to
infer families. (A) Number of paternal families identified with weighted-mean offspring number averaged over plausible
sibships greater or less than one. (B) Probability that paternal families identified by FAPS are real. (C) Number of
offspring inferred to have an unsampled father.
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family size revealed that (natural) log number of sib-575

ships increased by 0.066 (±0.015) for every additional576

offspring included in the maternal family (intercept577

= -0.173 ± 0.307; figure S4). This corresponds to578

detecting a new family for approximately every 3 or 4579

offspring genotyped, on average.580

For all sixty mothers we found a mating event with581

non-zero probability for which the father one or more582

offspring was not sampled (figure S3). These fami-583

lies include an average of 590.2 offspring (CIs: 588.3,584

592.3). This corresponds to around 60% of the off-585

spring, and a minimum of 28.1% (CIs 27.8, 28.3) of586

the total sample of pollen donors.587

4.3 Pollen dispersal is leptokurtic and588

asymmetric589

Across prior dispersal scenarios, independent MCMC590

chains converged on the stationary distribution and591

were generally well mixed (figures 3, S5, S6). The592

posterior distribution for the disperal shape parameter593

was consistently less than one, with a posterior mean594

of 0.56 (96% CIs: 0.46, 0.70), indicating a leptokurtic595

dispersal kernel (figure 3B). Consistent with this, the596

distribution of pollen dispersal distances for families597

with one or more offspring shows a peak close to zero598

and a long tail of long-distance dispersal events up to599

747m (figures 4A, S7). Mean and median dispersal600

distances were 78.0 and 26.7 metres respectively. With601

one exception, all mating occured between plants on602

the lower road (figure 1). There was no evidence for603

a relationship between the posterior probability of a604

mating event and the distance to the father for these605

mating events (figure S7). These results indicate a606

leptokurtic pollen dispersal kernel.607

Pollen donors were on 26% more likely to be to the608

East of the maternal plants they mated with than to 609

the West. Simulated pollen donors were 5.1% more 610

likely to be to the East of their mates, indicating that 611

the observed result is at least partially due to increased 612

density of plants to the East of the sample of maternal 613

plants. Nevertheless the average position of observed 614

pollen donors was 36.7 metres further to the East than 615

their mates, which is further than in 98.0% of simu- 616

lated datasets (mean distance = 12.8 metres; 96% CIs: 617

-5.93, 32.7). This indicates that there is a bias in pollen 618

flow favouring Westward dispersal. 619

4.4 Mixture parameter reduces bias in 620

dispersal shape 621

The posterior distribtion the mixture parameter λ was 622

centred around 0.93 (96% CIs: 0.88, 0.96; figure 3C). 623

That this number is close to, but not equal to zero indi- 624

cates that 4-12% of paternal families are compatible 625

with non-sires located at medium to long distances 626

from the mother. This may be because the true father 627

is missing and/or stochastictity in Mendelian sampling 628

of the genotypes. If ignored, this signal would inflate 629

apparent leptokurtosis in the dataset. Consistent with 630

this, when we constrain λ to be fixed at one the poste- 631

rior distributions for the scale and shape parameters are 632

shifted downwards compared to the analysis where λ is 633

allowed to vary (posterior means for a and b drop from 634

17.5 to 17.1 and from 5.6 to 4.9 respectively; figure 635

S8). This would indicate more leptokurtic pollen dis- 636

persal (figure 3A, 3B). When mean dispersal distance is 637

estimated from the second moment of the generalised 638

normal distribution (eqn. 9; Clark, 1998) this would 639

imply a substantial increase in mean dispersal from 114 640

to 193 metres (figure S8). Fortunately, there was no 641

difference in mean or median dispersal distance when 642
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Figure 3: Posterior densities for the scale, shape, and mixture parameters of the dispersal kernel. Histograms show stacked densities
for each of four independent chains.
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Figure 4: Distribution of pollen-dispersal distances. (A) Histogram and (B) cumulative distribution of distances for dispersal events
for paternal families with one or more offspring. Note the log10 scale of the x-axis in B. Mating events are weight
weighted by their posterior probability. The histogram is summed over iterations of the MCMC. Separate cumulative
curves are shown for 1000 MCMC iterations separately.
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these are calculated based on realised mating events.643

In this instance then, including a mixture component in644

the dispersal kernel reduces the bias caused by missing645

fathers in dispersal shape and apparent mean dispersal646

distance when this is inferred from the shape of the647

dispersal distribution. However, this does not have a648

large enough impact on realised dispersal distances in649

these data to greatly affect biological conclusions.650

5 Discussion651

We have described a framework to jointly infer pater-652

nity, sibling relationships and population parameters.653

Applying this to a natural populations of snapdrag-654

ons, we find strong evidence for a leptokurtic pollen-655

dispersal distribution, as well as evidence for asymme-656

try in pollen dispersal from East to West. Below we657

discuss possible influence of incorrect genealogies on658

the results, the implications for the hybrid zone pop-659

ulation, as well as the limitations and possible future660

directions of the method.661

5.1 Controlling bias in dispersal esti-662

mates663

5.1.1 Bias due to incorrect fathers664

Sometimes candidate pollen donors can have a simi-665

lar or greater probability of paternity for an offspring666

individual as does the true father due to stochastic-667

ity in Mendelian sampling (Thompson, 1976). If not668

addressed, we might infer an incorrect mating event669

between adult plants, which would bias estimates of670

dispersal upwards. Two aspects of our study suggest671

that signal from false fathers should have a minimal672

effect on our results.673

First, our simulations showed that incorrect families674

could be readily identified based on family size. In 675

previous simulations to test the performance of FAPS 676

we found that the main source of error was individuals 677

from a larger sibship group being falsely assigned to 678

a singleton sibship, but this analysis focussed on the 679

most likely partition structure to simplify results (El- 680

lis, Field, and Barton, 2018). In this study we found 681

that those incorrect singleton families have only weak 682

posterior probabilities when we consider a whole set 683

of plausible sibship configurations, meaning that fam- 684

ily sizes are effectively less than one individual. This 685

idea is not necessarily intuitive, so to illustrate this, 686

imagine three offspring (A, B and C) with two candi- 687

date fathers (X and Y) and that there are two plausible 688

paternal-sibships configurations,: (1) X is the father 689

of A, B and C, with probability 0.6, or (2) X is the 690

father of A and B, while Y is the father of C with prob- 691

ability 0.4. The probability that X mated with the 692

mother is 0.6+0.4=1, but the probability that Y mated 693

with the mother is 0.4. Weighted mean offspring num- 694

bers are (3*0.6)+(2*0.4)=2.4 for X and 1*0.5=0.5 695

for Y. Since our goal was to infer pollen dispersal by 696

identifying mate pairs, excluding mating events for 697

families with sizes less than one is an effective way to 698

control false-paternity assignment. This demonstrates 699

that accounting for uncertainty in sibship structure is 700

an extremely useful way to improve the accuracy of 701

paternity inference. 702

Second, we modelled dispersal as a mixture distribu- 703

tion with a term allowing for false-positive fathers to 704

try and reduce the bias in estimates of dispersal. The 705

mixture distribution reduces the bias in the estimated 706

shape parameter and the second moment of the gener- 707

alised normal distribution, often interpreted as mean 708

(squared) dispersal distance (e.g. Clark, 1998; Auster- 709
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litz et al., 2004; Klein, Desassis, and Oddou-Muratorio,710

2008). We note that this bias will exist to some extent711

as long as knowledge of paternity is less than perfect.712

As such the mixture model reduces this bias, but is713

unlikely to completely eliminate it completely. Our bi-714

ological conclusions are not affected, because we focus715

on the distribution of realised mating events, which716

are affected in only a minor way in real terms (figure717

4C, 4D). However, caution is warranted in the interpre-718

tation of the raw parameter values for shape and mean719

dispersal from the generalised normal distribution (fig-720

ure S8). It is possible that the effect was stronger721

here than would be the case in other published stud-722

ies because our sample of candidate fathers is large,723

and the spatial extend is much larger (two orders of724

magnitude) than median dispersal distance. In con-725

trast, other studies have focussed on wind-pollinated726

trees, where pollen can travel much further, and had727

smaller numbers of candidates (e.g. Adams, Griffin,728

and Moran, 1992; Austerlitz et al., 2004; Klein, Desas-729

sis, and Oddou-Muratorio, 2008). This demonstrates730

the utility of using inferred dispersal parameters to731

inform inference of real mating events, rather than732

focussing on the parameters themselves.733

5.1.2 Missing fathers734

An alternative source of bias comes from false negative735

paternity, where the true father of a family is present736

but is inferred to be missing. We found that more than737

half the offspring were inferred to have an unsampled738

father, and that this did not strongly depend on prior be-739

liefs about the proportion of missing fathers. Whether740

these missing fathers bias dispersal estimates depends741

on whether they are likely to be randomly distributed742

in space. On one hand, it may be that sampling ef-743

fort was greater in the core of the hybrid zone than 744

at the edges of our sampling region, and it is known 745

that bumblebees, especially queens, can disperse over 746

several kilometres (Osborne et al., 2008; Hagen, Wikel- 747

ski, and Kissling, 2011; Lepais et al., 2010). In this 748

way it is possible that we have missed long-distance 749

mating events, which would bias dispersal estimates 750

downward. However, our sample of candidate fathers 751

is large, and extends at least a kilometer beyond the 752

range of plants identified as pollen donors (figure 1), 753

which is more than twice as far as the longest dispersal 754

event detected (figure 4). We feel it is thus unlikely 755

that there could have been enough unsampled fathers 756

far from the sample of mothers to greatly influence 757

dispersal shape or median dispersal distance. 758

An alternative explanation for the high number of 759

missing fathers is that they finished flowering before 760

the main sampling began. This is a more plausible 761

explanation, because the population had already be- 762

gun to flower at the time of the first surveys in June 763

2012, and plants were still flowering at the time of 764

seed collection in late July. The majority of unsampled 765

fathers may thus represent relatively early-flowering 766

individuals. Fortunately, it seems that flowering time 767

is unlikely to depend strongly on location, and as such 768

this is unlikely to bias dispersal estimates. Ongoing 769

work using many more samples of mothers across both 770

space and time will allow us to address questions such 771

as this. 772

5.2 Implications for the hybrid-zone 773

population 774

The shape of the dispersal kernel implies that most 775

mating occurs within tens of metres, but that there is 776

a long tail of mating events between individuals at up 777
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to several hundred metres. This result suggests that778

any natural selection acting through male reproductive779

components (pollen dispersal) occurs at small spatial780

scales. If pollinators discriminate between different781

flower-colour phenotypes in the hybrid zone, this sets782

an important geographic scale of selection for empirical783

tests on pollinator-mediated selection. For example,784

within 20m in the core of the hybrid zone, pollinators785

would encounter a full range of colour phenotypes786

that would provide scope for colour discrimination and787

differential visitation to influence male and female fit-788

ness. In this paper we have not attempted to estimate789

selection via flower colour because the number of moth-790

ers for each flower colour is small, meaning that we791

likely have little statistical power. However, in ongoing792

work we are investigating variation in fitness in a much793

larger panel of offspring arrays, which will allow us to794

address such questions with much greater accuracy.795

We found evidence that all but one mating event796

was between plants on the lower road, and that pollen797

donors on this road tended to be to the East of mater-798

nal plants. This indicates that pollen tends to move799

Westward from where the magenta A. m. pseudoma-800

jus dominates towards where yellow A. m. striatum is801

more common, implying an asymmetry of introgres-802

sion from A. m. pseudomajus into A. m. striatum. We803

note however that our sample of maternal plants was804

restricted to a relatively narrow region around the core805

of the hybrid zone, to only one of the two roads where806

A. majus is common (figure 1), and in only a single807

year. As such, the finding of asymmetric introgression808

should be regarded as preliminary. In ongoing work809

we are investigating the detailed shape of clines across810

the genome in the population that reflect demographic811

processes over longer time scales, and should be able812

to shed clearer light on this phenomenon. 813

5.3 Limitations and future directions 814

In this study we used Metropolis-Hastings MCMC to 815

update population parameters, and re-evaluate sibship 816

structures at each iteration using the Monte-Carlo sim- 817

ulations described by Ellis, Field, and Barton (2018). 818

This has two obvious computational limitations that 819

could be improved upon. First, the Metropolis-Hastings 820

algorithm known to explore parameter space ineffi- 821

ciently as models become complex. However, more 822

efficient MCMC samplers, such as Hamiltonian Monte 823

Carlo are challenging to implement, especially when 824

the likelihood component needs to be estimated by sim- 825

ulation (Betancourt, 2017). Second, the Monte-Carlo 826

simulations take several seconds to run, which means 827

chains with many iterations take a long time. 828

These issues could be greatly simplified by avoiding 829

repeated Monte-Carlo simulations at each iteration. 830

One way to achieve this would be to first identify full- 831

sibling families with strong support based on genetic 832

data Ellis, Field, and Barton, 2018). Our simulations 833

showed that this can be done with high confidence 834

based on family size. Then, these families could be 835

used to jointly infer paternity and population parame- 836

ters following eqn. 6. In this case the likelihood is the 837

sum of elements in a matrix, which is very cheap to 838

compute. This would allow for much more flexibility 839

in how to optimise parameter estimation. This is turn 840

would allow users to focus less on implementation and 841

more on modelling biological problems. 842
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